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Abstract

Nonparametric techniques provide no analytical solutions for confidence intervals. The bootstrap
and jackknife methods are applied to Data Envelopment Analysis to generate different confidence
intervals, which affect the probability of committing a type | error.

Keywords

Nonparametric methods, bootstrap, jackknife, efficiency measurement.
JEL classification: C14; C12
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On Generating Confidence Intervals for Nonparametric
Methods

Introduction

The use of nonparametric analysis has increased rapidly, one important method is Data
Envelopment Analysis (DEA). In nonparametric applications analytical methods of deriving
standard errors for estimates may not exist, preventing researchers from investigating the
accuracy of an estimate. Even if asymptotic results exist, in finite samples the performance of the
asymptotic results may be poor, eg. in partially linear models (Jones, 2000). Computer intensive
resampling methods have been developed to investigate the accuracy of estimators that are too
complex for traditional statistical analysis. This paper provides a note on these methods using
DEA analysis on OECD data.

This paper uses different bootstrap and jackknife methods to compare the performance of these
approaches in determining the accuracy of estimates. Different methods produce different
confidence intervals, altering the chance of making a type | error (rejecting the null hypothesis
when it is true). We use resampling methods to produce confidence intervals around the
efficiency scores for each country. We also use these methods to generate confidence intervals
around the mean efficiency score. The standard error for the mean efficiency score can be easily
calculated using standard statistical techniques but it illustrates the case for statistics, such as the
median, for which no statistical method can be applied. The use of the mean allows us to
demonstrate the bias that can be introduced by using different bootstrap methods.

The Estimation Procedure

A full description of DEA can be found in (Hollingsworth et al., 1999 and Cooper et al., 2000), only
a brief description is given here. DEA applies a linear programme to solve one of the following
problems: to maximise weighted output with weighted input equal to unity or minimise weighted
input with weighted output equal to unity.

Thus, for a country with n outputs and m inputs the ratio is:

é ur* Yr
Efficiency = =2 1)
é Vi * Xi

.u

where: y, = quantity of output r; u, = weight attached to output r; x; = quantity of input i; v; = weight
attached to input i; and a value equal to unity implies complete efficiency. The weights are
specific to each unit so that: O < Efficiency £1.

We use data from OECD countries in 1997 to measure the efficiency of health production within
countries given health care expenditure and education levels. Conceptually countries wish to
maximise health output given their resource inputs, so we use the output maximisation model.
The health output is measured in DALEs and the health inputs are health care expenditure and
literacy rates.
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The constant returns to scale model estimated produces efficiency scores for the 30 countries,
Turkey is the most efficient, scoring 100, and the US is the least efficient, scoring 42.53. The
distributions of these results are unknown, preventing the analytical derivation of confidence
intervals. The mean level of efficiency from the sample is 56.96. We use this statistic in order to
compare bootstrap and jackknife methods with statistical methods, demonstrating that for other
summary statistics, for which no analytical solution exits, care must be taken.

The Confidence Interval
We generate confidence intervals around two statistics; the estimate of the efficiency score for

each country, €, and the mean level of efficiency of the whole sample, d .

Confidence intervals around efficiency scores

Two methods are used to generate confidence intervals around the efficiency score for each
country, &, the jackknife and the bootstrap.

The jackknife, which predates the bootstrap but is similar in method. To generate confidence
intervals around the efficiency estimates we reestimate the DEA models omitting one observation
from each model. Let:

q ) = S(X(ij)) , (2)

be the ith jackknife replication for country j of the estimated efficiency score, é. For our sample
size, this involves running thirty DEA models omitting one different country in each model. The
estimates are then used to generate standard errors (and confidence intervals) for the efficiency
estimate from the full model. For country n we have 29 estimates of efficiency, by taking the
standard error of these 29 estimates we derive an estimate of the standard error. Adding and
subtracting twice the standard error from the original estimate gives a 95% confidence interval
around the estimate (Efron and Tibshirani, 1993).

The bootstrap (Efron, 1979) provides an alternative method of producing confidence intervals.
The bootstrap is implemented by sampling with replacement from the data to produce a new data
set each time, from this new data new estimates are calculated. The procedure is replicated a
number of times, the larger the number of replications the more accurate the statistic, although
between 50 and 200 replications are generally sufficient (Efron and Tibshirani, 1993).

To generate the confidence interval for the efficiency score for each country we use 100
replications.

ay (0) = S(X; (b)) 3

Where g(b) is the efficiency score for the jth country from the kth replication. Taking the standard
error from these efficiency scores for each country allows us to create confidence intervals
around the original efficiency estimate.
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Confidence intervals around the mean efficiency score

To generate confidence intervals around the mean efficiency score of the whole sample, g we
use four methods. With data intensive nonparametric methods it is tempting to bootstrap
the estimated scores as in (i) but this disregards the estimation procedure. We then bootstrap (ii)
and jackknife (iii) equation 1, reestimating the model with each replication. We calculate the
standard error from the estimated efficiency scores from equation (1) (iv), such techniques are
not applicable to other summary statistics, eg the median. In the limit the standard error
estimated from (ii) will equal the result from (iv).

0] Bootstrap the efficiency scores estimated from model (1) and take the standard error. The
average of q_ from the resampled efficiency scores is:
Tx 1

qk=Eéq'k (4)

- 1 , I I
where q k = Né‘ g, and R is the number of replications. The standard error is given by:

sa; ‘{—a[Qk ag]H? (5)

(i) Bootstrap the whole of equation (1) to produce new average efficiency scores from each
replication. These new efficiency scores are denoted as €(b). The average of these
bootstrapped scores is denoted as:

q k(b)=%qkj(b). ©)

The standard error is calculated as:

se ) ‘{— 2 [.0- o, O ™

Ak

5 1, -
where g, (b) = Ra a(b).

(i) Jackknife the whole of equation (1) to produce new average efficiency scores from each
replication and calculate standard errors.
- 1

qizﬁéq"‘- (8)
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The standard error is calculated as:

1 - *1271/2
Se__z{ﬁé.[ch'ch]}/ (9)

* 1 -
where q; :Eé' q,.

(iv)  Calculate the standard error from the efficiency scores estimated
- 1 o S12\1/2
e ={ya lai-al’} (10)

Results

Figure 1 plots the efficiency scores for each country, the confidence intervals produced by the
jackknife and bootstrap. The confidence intervals are larger from the bootstrap than from the
jackknife. In DEA models countries are scored relatively to the most efficient country, here Turkey
is always the most efficiency country, unless it is omitted. With only 1 observation removed each
time there is little variation in the efficiency scores estimated in each of the jackknife replications,
leading to narrow confidence intervals and increasing the chance of a type | error. The bootstrap
is seen as more efficient and robust. Although an examination of Figure 1 demonstrates that the
jackknife and the bootstrap detect similar patterns in the data providing validity to the confidence
intervals estimated.

Figure 1  Confidence Intervals around country efficiency scores
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Figure 2 illustrates the confidence intervals produced around the mean scores. The smallest
confidence interval is produced by resampling from the estimated efficiency scores (i), the
jackknife (i) produces the next smallest confidence intervals, bootstrapping the model fully (ii)
produces the next widest confidence intervals. The application of the usual standard error formula
(iv) produces the widest confidence interval. The results from (ii) and (iv) are very similar
suggesting, in this case, that 100 replications are sufficient. The bootstrap method is considered
more robust and efficient than the jackknife procedure and is preferable. The different methods
do demonstrate that with very large data sets, where running the a new DEA model is time
consuming, that attempting to shortcut the bootstrap process by resampling from the estimated
scores (as in (i)) produces confidence intervals that are very narrow. It is preferable to produce a
confidence interval by using the jackknife or the full bootstrap. For this sample size the jackknife
produces narrower confidence intervals than the bootstrap but is less computer intensive.

Figure2  Confidence intervals around mean efficiency score
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Conclusion

We have demonstrated that different resampling methods produce different confidence intervals
and that researchers must be careful in their choice of method. The method of producing
confidence intervals for summary statistics is especially important. Researchers may be tempted
to bootstrap from the estimated efficiency scores to generate standard errors. We demonstrate,
using the mean, that this approach reduces the size of the confidence intervals, increasing the
chance of a type | error. When attempting to assess the accuracy of summary statistics from
nonparametric estimation the jackknife or bootstrap should be performed fully.
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