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Ed|hvldq Wudfh Vwdwlvwlfv iru wkh Uhgxfhg
Udqn Uhjuhvvlrq Prgho1�

Urgqh| Z1 Vwudfkdq
Euhww Lqghu

Ghsduwphqw ri Hfrqrphwulfv dqg Exvlqhvv Vwdwlvwlfv/
Prqdvk Xqlyhuvlw|/
Fod|wrq/ Ylf1/ 649;/

Dxvwudold
hpdlo= Urgqh|1VwudfkdqCExvHfr1prqdvk1hgx1dx

Nh| Zrugv= uhgxfhg udqn uhjuhvvlrq prgho> huuru fruuhfwlrq prgho> pdujlqdo
olnholkrrgv> Ed|hv idfwruv> Ed|hvldq dqdo|vlv1

DEVWUDFW

Hvwlpdwlrq ri wkh uhgxfhg udqn uhjuhvvlrq prgho uhtxluhv uhvwulfwlrqv eh
lpsrvhg xsrq wkh prgho1 Wzr irupv ri uhvwulfwlrqv duh frpprqo| xvhg1
Hduolhu Ed|hvldq zrun uholhg rq wkh wuldqjxodu phwkrg ri lghqwl�fdwlrq zklfk
lpsrvhv dq d sulrul rughulqj rq wkh yduldeohv lq wkh v|vwhp/ krzhyhu/ lqfru0
uhfw rughulqj ri wkh yduldeohv fdq uhvxow lq prgho plvvshfl�fdwlrq1 Ed|hvldq
hvwlpdwlrq ri wkh uhgxfhg udqn uhjuhvvlrq prgho zlwkrxw rughulqj uhvwulf0
wlrqv zdv suhvhqwhg lq Vwudfkdq +4<<;, dqg iroorzv wkh fodvvlfdo dssurdfk ri
Dqghuvrq +4<84, dqg Mrkdqvhq +4<;;,1 Wklv phwkrg ri hvwlpdwlrq dyrlgv
sodflqj uhvwulfwlrqv rq wkh vsdfh vsdqqhg e| wkh uhgxfhg udqn uhodwlrqv dqg
vlpsol�hv whvwlqj ri uhvwulfwlrqv rq wkdw vsdfh1 Lq wklv sdshu/ d phwkrg iru hv0
wlpdwlqj dssur{lpdwh pdujlqdo olnholkrrgv dqg Ed|hv idfwruv lv suhvhqwhg iru

�Wklv zrun lv edvhg rq zrun iurp wkh �uvw dxwkru*v Sk1G1 wkhvlv1
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wklv prgho/ xvlqj Odsodfh dssur{lpdwlrqv iru lqwhjudov1 Wkhvh Ed|hv idfwruv
dojheudlfdoo| uhvhpeoh wkh Mrkdqvhq wudfh vwdwlvwlf +4<<8,/ khqfh wkh wlwoh1
Zh frqvlghu wkh prgho zlwk udqn o dqg qr uhvwulfwlrqv rq wkh uhgxfhg udqn
uhodwlrqv1

4 Lqwurgxfwlrq1
Wkh uhgxfhg udqn uhjuhvvlrq prgho kdv uhfhlyhg vljql�fdqw dwwhqwlrq lq hfrqr0
phwulfv zlwk erwk iuhtxhqwlvw dqg/ pruh uhfhqwo|/ Ed|hvldq wuhdwphqw1 Lp0
sruwdqw h{dpsohv ri dssolfdwlrqv lqfoxgh wkh frlqwhjudwlqj huuru fruuhfwlrq
prgho +HFP, +vhh iru h{dpsoh Mrkdqvhq 4<;;/ Nohlehujhq dqg ydq Glmn 4<<7/
Nohlehujhq 4<<:/ Nohlehujhq dqg Sdds 4<<: 0 khuhdiwhu uhihuuhg wr dv N)S/
dqg Jhzhnh 4<<9, dqg wkh lqfrpsohwh vlpxowdqhrxv htxdwlrqv prgho +VHP,
+Guh}h 4<:9/ Guh}h dqg Ulfkdug 4<;6/ dqg ]hooqhu/ Plq dqg Gdoodluh 4<<6/
Jhzhnh 4<<9,1 Fodvvlfdo olnholkrrg edvhg dqdo|vlv ri wkh uhgxfhg udqn pxowl0
yduldwh uhjuhvvlrq prgho zdv �uvw suhvhqwhg e| Dqghuvrq +4<84,1 Hvwlpdwlrq
ri wklv prgho uhtxluhv uhvwulfwlrqv eh lpsrvhg xsrq wkh prgho1 Wzr irupv
ri uhvwulfwlrqv duh frpprqo| xvhg1 Wkh �uvw irup ri uhvwulfwlrqv lv wkh wul0
dqjxodu v|vwhp +vhh iru h{dpsoh Nohlehujhq dqg ydq Glmn 4<<7 dqg Jhzhnh
4<<9,/ zklfk lpsrvhv dq d sulrul rughulqj rq wkh yduldeohv lq wkh v|vwhp1
Lqfruuhfw rughulqj ri wkh yduldeohv fdq uhvxow lq prgho plvvshfl�fdwlrq dv
glvfxvvhg lq Vwudfkdq +4<;;,1 Wkh vhfrqg irup ri uhvwulfwlrqv dyrlg wklv sr0
whqwldo plvvshfl�fdwlrq dqg zdv suhvhqwhg e| Dqghuvrq +4<84, dqg dssolhg
wr wkh frlqwhjudwlqj HFP e| Mrkdqvhq +4<;;,1

Hduolhu Ed|hvldq zrun lq wklv prgho uholhg rq wkh wuldqjxodu phwkrg ri
lghqwl�fdwlrq zkloh Ed|hvldq hvwlpdwlrq ri wkh uhgxfhg udqn uhjuhvvlrq prgho
zlwkrxw rughulqj uhvwulfwlrqv zdv suhvhqwhg lq Vwudfkdq +4<<;,1 Wklv vhfrqg
phwkrg ri hvwlpdwlrq dyrlgv sodflqj uhvwulfwlrqv rq wkh vsdfh vsdqqhg e| wkh
uhgxfhg udqn uhodwlrqv/ ru/ lq rwkhu zrugv/ zlwkrxw uhvwulfwlrqv wkdw lpsrvh dq
d sulrul rughulqj rq wkh yduldeohv1 Wkh| kdyh wkh dgglwlrqdo dgydqwdjh wkdw
wkh| vlpsoli| whvwlqj ri uhvwulfwlrqv rq wklv vsdfh Lq wklv sdshu/ d phwkrg iru
hvwlpdwlqj dssur{lpdwh pdujlqdo olnholkrrgv dqg Ed|hv idfwruv lv suhvhqwhg
iru wklv prgho/ xvlqj Odsodfh dssur{lpdwlrqv iru lqwhjudov1 Wkhvh Ed|hv
idfwruv dojheudlfdoo| uhvhpeoh wkh Mrkdqvhq wudfh vwdwlvwlf +4<<8,/ khqfh wkh
wlwoh1 Zh frqvlghu wkh prgho zlwk udqn o dqg qr uhvwulfwlrqv rq wkh uhgxfhg
udqn uhodwlrqv1 Odwhu zrun zloo frqvlghu wkh prgho zlwk udqn o dqg zlwk
ydulrxv uhvwulfwlrqv rq wkh uhgxfhg udqn uhodwlrqv1
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5 Wkh prgho1
Wkh uhgxfhg udqn pxowlyduldwh uhjuhvvlrq prgho lv/

t ' f� n . ' f�n ~�n 0� +4,

zkhuh f ' df ~o dqg � ' d�� ��o�1 Ixuwkhu/ t lv d A � u pdwul{ ri
ghshqghqw yduldeohv/ f dqg ~ duh/ uhvshfwlyho|/ A � R dqg A � & pdwulfhv
ri h{sodqdwru| yduldeohv/ dqg 0 lv d A � u pdwul{ ri huuruv zlwk fryduldqfh
pdwul{ P 
 UA 1 Wkh frh!flhqw pdwul{ � lv ri udqn o � 6�?Euc R�c zkloh �
lv ixoo udqn1 Zkhq � kdv uhgxfhg udqn lw fdq eh h{suhvvhg dv � ' qk zkhuh
q dqg k duh R� o dqg o � u dqg lw lv dvvxphg o@?& Ek� ' o@?& Eq� ' o1 D
idploldu h{dpsoh ri wkh uhgxfhg udqn uhjuhvvlrq prgho lv wkh frlqwhjudwlqj
huuru fruuhfwlrq prgho lq zklfk q lv wkh pdwul{ ri o frlqwhjudwlqj yhfwruv
dqg k lv wkh pdwul{ ri dgmxvwphqw frh!flhqwv1 Dq dowhuqdwlyh uhsuhvhqwdwlrq
lv wr wudqvirup wkh srwhqwldoo| uhgxfhg udqn pdwul{ � wr wkh pdwulfhv kc q
dqg b zkhuh b ' f uhvwulfwv � wr d orzhu udqn1

Lghqwli|lqj uhvwulfwlrqv duh qhfhvvdu| iru joredo lghqwl�fdwlrq ri wkh hoh0
phqwv ri q dqg k1 Zh gh�qh wkh pdwulfhv 7�� iru �c � ' fc �c 2 xvhg ehorz
dffruglqj wr wkh fkrvhq sulru lq Vhfwlrq 61 Iru rxu sxusrvhv khuh/ wkhvh pd0
wulfhv duh frpsrvhg ri gdwd dqg sulru ydoxhv1 Wkh lghqwli|lqj uhvwulfwlrqv duh
doo lpsrvhg rq q lq wkh iroorzlqj qrupdolvdwlrqv/

q �7��q ' U +5,

zklfk lpsolhv oEon��
2

uhvwulfwlrqv/ dqg

q �7�f7
3�
ff 7f�q ' K ' _�@}E��c ���c �o� +6,

zklfk lpsolhv d ixuwkhu oEo3��
2

uhvwulfwlrqv iru d wrwdo ri o2 uhvwulfwlrqv dqg
ER� o� o iuhh sdudphwhuv lq q1 Lq wkh phwkrg ri hvwlpdwlrq xvhg lq wklv
sdshu/ wkh sdudphwhu q lv qrw gluhfwo| hvwlpdwhg1 Udwkhu zh lghqwli| dqg
hvwlpdwh ixqfwlrqv ri wkh yhfwruvE4� lq q/ dqg/ vshfl�fdoo|/ zh hvwlpdwh wkh
edvlv iru wkh vsdfh vsdqqhg e| q/ rREq�1 Dv zh hvwlpdwh wkh edvlv iru wklv
vsdfh/ qrqh ri wkh vsdfh lv h{foxghg e| wkh irup ri wkh uhvwulfwlrqv xvhg1
Wklv dssurdfk frqwudvwv zlwk wkdw xvhg lq wkh wuldqjxodu v|vwhp lq zklfk
q ' dq �� q

�

2o
� lv lghqwl�hg sulru wr hvwlpdwlrq e| lpsrvlqj wkh uhvwulfwlrq

4Wkh dxwkru lv judwhixo wr Wuhyru Euhxvfk iru glvfxvvlrq rq wklv srlqw1
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qq3�� ' qW ' dUo q
�

2o
�
c zklfk dvvxphv q3�� h{lvwv dqg h{foxghv wkh vsdfh lq

zklfk q� lv vlqjxodu1
Lq wkh h{suhvvlrq +6,/ K lv udqgrp zlwk dq lpsolhg srvwhulru glvwulexwlrq

lq wkh Ed|hvldq phwkrg dqg �� : ��� : �o : f� Xvlqj wkh wudqvirupdwlrq
suhvhqwhg lq Vwudfkdq +4<<;,/ zklfk lv edvhg rq wkh dssurdfk wdnhq lq N)S/
zh ohw

� ' qk n 73��� qzbkzPc

wkh uhvxowdqw prgho lv qrz

t ' fqk nf73��� qzbkzPn ~�n 0 +7,

zkhuh wkh uhgxfhg udqn prgho rffxuv dw b ' f/

t ' fqk n ~�n 0� +8,

6 Sulruv dqg Srvwhulruv1
Lq wklv vhfwlrq zh suhvhqw wkh irupv ri wkh srvwhulru iru wkh jhqhudo uhgxfhg
udqn uhjuhvvlrq prgho zlwk d gl�xvh sulru dqg wkhq zlwk dq lqirupdwlyh sulru1
Dv zdv irxqg lq N)S/ wkh iroorzlqj sulruv dqg srvwhulruv fdqqrw eh ghfrp0
srvhg wr surylgh pdujlqdo dqg frqglwlrqdo ghqvlwlhv xvhixo iru vdpsolqj1 Iru
wkh uhvw ri wkh sdshu zh zloo lghqwli| vfdoduv/ yhfwruv dqg pdwulfhv dvvrfldwhg
zlwk wkh gl�xvh sulru zlwk d fduhw + iru h{dpsoh eq,/ wkrvh dvvrfldwhg zlwk wkh
lqirupdwlyh sulru zlwk d wlogh +hq,/ dqg zkhq zh zlvk wr xvh jhqhudo uhvxowv
wkdw frxog frph iurp hlwkhu sulru zh xvh d edu +q,1

614 Wkh olnholkrrg1

Iru wkh ixoo udqn prghov lq +4, dvvxph wkh urzv ri 0 ' Ee��c e
�

2c � � � c e
�

A �
� duh lq0

ghshqghqwo| dqg qrupdoo| glvwulexwhg dv �EfcP�� Xqghu wkhvh dvvxpswlrqv/
wkh olnholkrrg fdq eh zulwwhq dv

u Et mPc qc kc bc �cf� ' u Et mwcf� 2 mPm3A
2 i T

�
��

2
|o
�
P3�0�0

��
+9,

zkhuh
0 ' t �fqk�f73��� qzbkzP� ~��
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615 Sulruv= D gl�xvh sulru1

Ohw LZ eh wkh lqirupdwlrq pdwul{ iru wkh sdudphwhuv lq wkh uhgxfhg irup
prgho +4,/ Z ' �eS E�c �cP�1 Wkh Mh�uh|v sulru lv sursruwlrqdo wr mLZm�*2
dqg wkhuhiruh wkh irup ri wkh gl�xvh +g, ru Mh�uh|v sulru iru wkh sdudphwhuv
lq +4, lv=

RZ EZ�_ b mLZm�*2 b 23
u
2 mf �fm3u

2 mPm3EunRn&n��*2 � +:,

Vlqfh LZ lv wkh qhjdwlyh ri wkh h{shfwdwlrq ri wkh lqyhuvh ri wkh Khvvldq
iru +9,/ wkh h{suhvvlrq lq +:, zloo eh ydolg rqo| iru qrqudqgrp f vxfk wkdw
. df �fo ' f �f1 Dq lpsruwdqw h{dpsoh ri wkh uhgxfhg udqn uhjuhvvlrq
prgho lv wkh frlqwhjudwlqj huuru fruuhfwlrq prgho iru zklfk f lv udqgrp1
Nohlehujhq dqg ydq Glmn +4<<7, suhvhqw vhyhudo dssurdfkhv wr dssur{lpdwlqj
LZ lq wklv prgho1 Zh wdnh wkh �uvw dqg prvw h{whqvlyho| lqyhvwljdwhg ds0
surdfk vxjjhvwhg e| Nohlehujhq dqg ydq Glmn +4<<7,/ wkdw lv zh dvvxph f �f
lv d uhdvrqdeoh dssur{lpdwlrq wr wkh h{shfwdwlrq . df �fo1 Qh{w zh gh�qh
wkh 7�� pdwulfhv iru wkh gl�xvh sulru/ e7��1 Iru wkh iroorzlqj h{suhvvlrq iru
wkh srvwhulru iru wkh gl�xvh sulru/ ohw eV ' A nun Rn &n�/ ~f ' tc ~� ' f
dqg ~2 ' ~�eVf��� ' ~ �

�~� iru E�c �� ' E�c ��E�c 2�E2c 2�ceVf��f ' ~ �

�~fc eVf�2f ' ~ �

2~fc dqgeVf�ff ' ~ �

f~f�

Ilqdoo| ohw e7�� ' f��� � f��2
f�3�

22
f�2�c e7�� ' e7 ��� dqg f��� ' f� �

���

616 Sulruv= Dq lqirupdwlyh sulru1

Wkh qdwxudo frqmxjdwh +l, sulru iru wkh xquhvwulfwhg olqhdu prgho lq +4, lv=

RZ EZ�� 2 mPm3EDnun��*2 i T
�
��

2
|oP3�7

�
mPm3ERn&�*2 mMmu*2 i T

�
��

2
|oP3� E� ����M E� ���

�

zkhuh � ' d�� ��o
� dqg M '

�
��� ��2
�2� �22

�
� Qh{w zh gh�qh wkh 7�� pdwulfhv

iru wkh lqirupdwlyh sulru/ h7��1 Ohw hV ' A n u n R n & n D n �1 Dv iru wkh
gl�xvh sulru/ ohw ~f ' tc ~� ' f dqg ~2 ' ~chVi��� ' ~ �

�~� n ��� iru E�c �� ' E�c ��E�c 2�E2c 2�c
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hVi��f ' ~ �

�~f n ����n ��2�chVi�2f ' ~ �

2~f n �2��n �22�c dqghVi�ff ' ~ �

f~f n��M� n 7�

Ilqdoo| ohw h7�� ' i��� � i��2
i�3�

22
i�2�c h7�� ' h7 ��� dqg i��� ' i� �

��� Xvlqj
wkh h{suhvvlrq iru wkh Mdfreldq lq Dsshqgl{ L/ a / wkh uhvxowdqw sulruv iru wkh
vwuxfwxudo sdudphwhuv Ewc b� ' Ekc qc�cPc b� lq wkh wudqviruphg uhjuhvvlrq
prgho +7, duh

Rw Ewc b�_ ' RZ EZ Ewc b��_ ma m b maLZa �m�*2 b mLwcbm�*2 +;,

zkhuh Lw lv wkh lqirupdwlrq pdwul{ iru wkh sdudphwhuv lq +7,/ dqg

Rw Ewc b�� ' RZ EZ Ewc b��? ma m � +<,

Wkh sulruv iru wkh uhgxfhg udqn prghov duh irxqg e| hydoxdwlqj wkh deryh
h{suhvvlrqv dw b ' f dqg zh xvh wkh h{suhvvlrq ma mb'fm wr uhsuhvhqw wkh ydoxh
ri wkh Mdfreldq dw Ekc qc�cPc b ' f�1

617 Wkh srvwhulru iru wkh gl�xvh sulru1

Wkh srvwhulru iru prgho +4, lv=

RZ EZmtcf�_ 2 mPm3ERn&�*2 i T
�
��

2
|oP3�

�
� � e���f �f

�
� � e���

� mPm3EAnun��*2 i T
�
��

2
|oP3�7

�
�

dqg zkhuh e� '

% e�e�
&
' Ef �f�

3�
f �t dqg 7 ' t �t � e�� Ef �f�

3� e�1 Wkh
srvwhulru iru wkh wudqviruphg prgho dv sdudphwhulvhg lq +7, zlwk wkh gl�xvh
sulru pd| eh ghfrpsrvhg dv iroorzv/

Rw Ewc bmtcf�_ ' RZ EZ Ewc b� mtcf�_ ma m
' R EZ Ewc b��_u Et mwc bcf� ma m

Wkhuhiruh/ srvwhulru iru wkh uhgxfhg udqn prgho zkhuh b ' f dqg zh xvh wkh
gl�xvh sulru pd| eh h{suhvvhg dv

Rw Ewmtc b ' fc f�_ ' RZ EZ Ewc b� mtc b ' fc f�_ ma mb'fm
' RZ EZ Ewc b� mb ' f�_u Et mwc b ' fc f� ma mb'fm
2 i T E�eV�_ Ew�� ma mb'fm
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zkhuh �_ Ew� lv gh�qhg lq Dsshqgl{ L1 Dw wkh prgh ri wkh gl�xvh sulru srvwh0

ulru frqglwlrqdo rq b ' f +lh1/ dw udqn o,/ k ' ek ' eq7�fc dqg q ' eq ' e73 �
2

��
eLo

zkhuh eL '
keLo

eLR3o

l
duh wkh s hljhqyhfwruv ri e73 �

2
��
e7�f e73�ff

e7�f e73 �
2

�� zlwk

s hljhqydoxhv eb� : eb2 : � � � : ebR : f1 Wkh froxpqv ri eL duh rughuhg
dffruglqj wr wkh vl}h ri wkhlu dvvrfldwhg hljhqydoxh1 Ixuwkhu/ P ' eP 'e7ff � e7f�eq �eq e7��eq�3� eq e7�f� Wkhuhiruh zh pd| zulwh

i T
�
�eV��ew�� '

���eP���3 eV
2
i T

�
�ueV

2

�
+43,

'

%��� e7ff��� o\
�3�

E�� eb��&3
eV
2

i T

�
�ueV

2

�
�

618 Wkh srvwhulru iru wkh lqirupdwlyh sulru=

Wkh srvwhulru iru prgho +4, zlwk dq lqirupdwlyh sulru lv=

RZ EZmtcf�� 2 mMmu2 mPm3ERn&�*2 i T
�
��

2
|oP3�

�
� � h��� EM nf �f�

�
� � h���

� mPm3EAnunDn��*2 i T
�
��

2
|oP3�7

�
�

dqg zkhuh h� '

% h�h�
&
' EM nf �f�

3�
EM� nf �t � dqg 7 ' t �t n 7 n

��M�� h�� EM nf �f�
3� h�1 Wkhuhiruh/ srvwhulru iru wkh uhgxfhg udqn prgho

zkhuh b ' f dqg zh xvh wkh lqirupdwlyh sulru pd| eh h{suhvvhg dv

Rw Ewmtc b ' fc f�� ' RZ EZ Ewc b� mtc b ' fc f�� ma mb'fm
' RZ EZ Ewc b� mb ' f�� u Et mwc b ' fcf� ma mb'fm
2 i T E�hV�� Ew�� ma mb'fm

zkhuh �� Ew� lv djdlq gh�qhg lq Dsshqgl{ L1 Dw wkh prgh ri wkh gl�xvh sulru

srvwhulru frqglwlrqdo rq b ' f +lh1/ dw udqn o,/ k ' hk ' hq h7�fc dqg hq ' h73 �
2

��
hLo

zkhuh hL '
khLo

hLR3o

l
duh wkh s hljhqyhfwruv ri h73 �

2
��
h7�f h73�ff

h7�f h73 �
2

�� zlwk

s hljhqydoxhv hb� : hb2 : � � � : hbR : f1 Wkh froxpqv ri hL duh rughuhg

:



dffruglqj wr wkh vl}h ri wkhlu dvvrfldwhg hljhqydoxh1 Ixuwkhu/ P ' hP 'h7ff � h7f�hq �hq h7��hq�3� hq h7�f� Wkhuhiruh zh pd| zulwh

i T
��hV�� �7w�� ' mMmu2

���hP���3V
2
i T

�
�uhV

2

�
+44,

' mMmu2
%���h7ff��� o\

�'�

�
�� hb��&3

V
2

i T

�
�uhV

2

�
�

Wkh h{suhvvlrqv +43, iru wkh gl�xvh sulru/ dqg +44, iru wkh lqirupdwlyh
sulru duh ghulyhg lq Dsshqgl{ L1 Wkhvh h{suhvvlrqv duh xvhixo iru ghulylqj
vlpsoh h{suhvvlrqv iru wkh dssur{lpdwlrqv wr wkh Ed|hv idfwruv dv suhvhqwhg
lq Vhfwlrq 81 Wkh vlplodulw| lq wkh qrwdwlrq dqg wkh irupv ri wkh h{suhvvlrqv
xvhg lq wklv sdshu dqg wkdw ri Mrkdqvhq +4<<8d, lv gholehudwh1 Wklv vlplodu0
lw| lpsolhv wkdw dowkrxjk vrph dgglwlrqdo frgh lv uhtxluhg/ h{lvwlqj frpsxwhu
frgh fdq eh hdvlo| dgdswhg iru wklv phwkrg iru pxfk ri wkh qhfhvvdu| frp0
sxwdwlrq11

7 Ed|hv Idfwruv1
Wr lqyhvwljdwh wkh vxssruw iru ydulrxv k|srwkhvhv/ zh fdofxodwh wkh Ed|hv
idfwru zklfk lv wkh udwlr ri wkh pdujlqdo olnholkrrgv iru wkh prgho xqghu
rqh k|srwkhvlv dqg wkh prgho xqghu dq dowhuqdwlyh k|srwkhvlv/ 6 E+mMf� dqg
6 E+mM�� uhvshfwlyho|1

Wkh pdujlqdo olnholkrrg iru d sduwlfxodu prgho �/ zlwk sdudphwhuv wc lv
gh�qhg e| wkh h{suhvvlrq REwm+cM�� ' REwmM��uE+mwcM��*6 E+mM�� c zkhuh/ iru
wklv prgho/ REwm+cM�� lv wkh srvwhulru ghqvlw| iru w/ REwmM�� lv wkh sulru ghqvlw|
iru w/ dqg uE+mwcM�� lv wkh olnholkrrg ixqfwlrq iru wkh prgho1 Wkhuhiruh/ iru
doo wc

6 E+mM�� '

]
REwmM��uE+mwcM��_w� +45,

Wkh Ed|hv idfwruv iru wkhvh k|srwkhvhv duh wkhuhiruh/

�8 Efm�� ' �8 EMfmM�� ' 6 E+mMf� *6 E+mM�� �

Jxlgholqhv iru wkh lqwhusuhwdwlrq ri wzlfh wkh orj Ed|hv idfwruv duh jlyhq lq
Ndvv ) Udiwhu| +4<<8, dqg uhsurgxfhg khuh lq Wdeoh 41
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Lqvhuw Wdeoh 4 khuh1

Wkh udwlr ri wkh srvwhulru suredelolw| iru wkh k|srwkhvlv Mf/ � EMfm+�/
dqg dq dowhuqdwlyh M�/ � EM�m+�/ lv d ixqfwlrq ri wkh Ed|hv idfwru dqg wkh
sulru suredelolwlhv iru wkhvh prghov/ � EMf� dqg � EM�� uhvshfwlyho|1 Wkdw
lv/ � EMfm+� *� EM�m+� ' � EMf� *� EM����8 Efm��1 Wkhuhiruh/ wr hvwlpdwh
srvwhulru suredelolwlhv iru wkh prghov ri lqwhuhvw/ hvwlpdwhv ri wkhlu pdujlqdo
olnholkrrgv ru wkh uhohydqw Ed|hv idfwruv duh uhtxluhg1 D vdpsolqj edvhg
hvwlpdwru ri �8 EomR� zkhuh Mo G o@?& ' oc zdv vxjjhvwhg lq N)S dqg xvhg
e| Vwudfkdq +4<<;,1 Lq wklv sdshu zh xvh wkh Odsodfh dssur{lpdwlrq wr wkh
Ed|hv idfwruv/ ru Ed|hvldq wudfh vwdwlvwlfv/ dqg frpsduh wkhvh uhvxowv wr wkh
fodvvlfdo wudfh vwdwlvwlfv1

8 Odsodfh dssur{lpdwlrq1
Ohw w eh d R0glphqvlrqdo yhfwru ri sdudphwhuv1 Li �� Ew� lv d vprrwk/ srvlwlyh
ixqfwlrq zlwk d pd{lpxp dw wc wkhq e| Odsodfh dssur{lpdwlrq/ wkh lqwhjudo]

s Ew� i T d�V� Ew�o _w

fdq eh dssur{lpdwhg e|

s
�
w
��2Z

?

�R
2

m[m3 �
2 i T

��V� �w��
zkhuh [ lv wkh Khvvldq ri � Ew�/ hydoxdwhg dw w ' w +Olqgoh| 4<;3/ Wlhuqh| )
Ndgdqh 4<;9/ Wlhuqh|/ Ndvv ) Ndgdqh 4<;</ Ndvv ) Udiwhu| 4<<8,1

D zhdnqhvv ri wkh Odsodfh phwkrg/ sduwlfxoduo| zkhq hvwlpdwlqj pdujlqdo
olnholkrrgv/ lv wkh frqvwdqw ri lqwhjudwlrq lv qrw hvwlpdwhg dv zhoo dv d pdujlqdo
ghqvlw| +Wlhuqh|/ Ndvv ) Ndgdqh 4<;<,1 Dv wkh pdujlqdo olnholkrrg lv wkh
qrupdolvlqj frqvwdqw iru wkh srvwhulru ghqvlw|/ wklv vxjjhvwv wkdw 6 E+mM��
pd| qrw eh zhoo dssur{lpdwhg/ krzhyhu wkhuh lv frqvlghudeoh suhfhghqw lq
wkh olwhudwxuh iru xvlqj wklv phwkrg +Olqgoh| 4<;3/ Ndvv ) Ydlg|dqdwkdq
4<<5/ Udiwhu| ) Ulfkdugvrq 4<<6/ Udiwhu| 4<<7/ Ndvv ) Udiwhu| 4<<8/ Ohzlv
) Udiwhu| 4<<:,1 Lq wkh dssurdfk suhvhqwhg lq wklv sdshu s

�
w
�
' ma mb'fm/ vr

wkh lqwhjudo fdq eh ylhzhg dv d zhljkwhg dyhudjh ri wkh Mdfreldq dw b ' f/
zlwk uhvshfw wr wkh srvwhulru prgxor wkh Mdfreldq1 Wr lpsohphqw wkh Odsodfh
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dssur{lpdwlrq iru wkh Ed|hv Idfwruv/ zh qhhg h{suhvvlrqv iru w dqg [c wkhvh
duh suhvhqwhg lq Dsshqgl{ L dqg LL1 Xvlqj wkhvh uhvxowv/ wkh Odsodfh dssur{0
lpdwlrq iru wkh pdujlqdo olnholkrrg iru wkh uhgxfhg udqn prgho zlwk udqn o
zkhq zh xvh dq lqirupdwlyh sulru fdq eh zulwwhq dv

	6 E+mMo� ' ma mb'fm
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Vlploduo|/ zkhq zh xvh wkh gl�xvh sulru zh kdyh
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Wkhuhiruh wkh jhqhudo irup ri wkh Ed|hv idfwru iru wkh k|srwkhvhv ri udqn o
wr udqn R/ wkdw lv/ udwlr ri wkh pdujlqdo olnholkrrg iru wkh uhgxfhg udqn prgho
zlwk udqn o wr wkh pdujlqdo olnholkrrg iru wkh ixoo udqn prgho Rc lv
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9 Dssolfdwlrq1
Wr ghprqvwudwh wkh dssolfdelolw| ri wkh phwkrg suhvhqwhg lq wklv sdshu zh
lqyhvwljdwh wkh uhdo0exvlqhvv0f|foh prgho zlwk shupdqhqw surgxfwlylw| vkrfnv
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sursrvhg lq Nlqj/ Sorvvhu/ Vwrfn/ dqg Zdwvrq +4<<4,/ dqg suhvhqw uhvxowv iru
wklv prgho xvlqj wkh frqvxpswlrq/ lqyhvwphqw dqg rxwsxw gdwd frqvlghuhg lq
Kduulv +4<<:,1 Wkhvh uhvxowv duh frpsduhg zlwk wkh uhvxowv iurp wkh fodvvlfdo
dssurdfk dqg wkrvh rewdlqhg lq Vwudfkdq +4<<;, xvlqj d Ed|hvldq dssurdfk
zlwk Prqwh Fduor lqwhjudwlrq1

914 Frqvxpswlrq/ lqyhvwphqw dqg rxwsxw iru Dxvwudold1

Lq wklv vhfwlrq zh surylgh dq looxvwudwlyh dssolfdwlrq ri wkh phwkrgv suhvhqwhg
lq wklv sdshu1 Kduulv +4<<:, lqyhvwljdwhv wkh hylghqfh lq Dxvwudoldq gdwd iru
wkh uhdo0exvlqhvv0f|foh prgho zlwk shupdqhqw surgxfwlylw| vkrfnv sursrvhg
lq Nlqj/ Sorvvhu/ Vwrfn/ dqg Zdwvrq +4<<4,1 Wklv prgho lpsolhv d vlqjoh
frpprq vwrfkdvwlf wuhqg dqg/ wkhuhiruh/ wzr frlqwhjudwlqj uhodwlrqvklsv1 Wkh
frlqwhjudwlqj uhodwlrqvklsv duh vxfk wkdw wkh gl�huhqfhv ehwzhhq wkh orj ri
frqvxpswlrq +S|, dqg wkh orj ri rxwsxw ++|,/ ES|�+|�/ dqg wkh orj ri lqyhvwphqw
+�|, dqg wkh orj ri rxwsxw/ E�|�+|�/ zloo eh UEf�1 Vr wkh yhfwru %| ' ES|c �|c +|�

�

zloo eh frlqwhjudwhg zlwk udqn ri o ' 2c zkhuh S| lv wkh orj ri frqvxpswlrq/
+| lv wkh orj ri rxwsxw dqg �| lv wkh orj ri lqyhvwphqw1 D ixuwkhu lpsolfdwlrq
irupdoo| lqyhvwljdwhg lq wklv sdshu lv wkdw wkh frlqwhjudwlqj yhfwruv q ' M
zkhuh

M '

3C � f
f �

�� ��

4D � +46,

Wr ghprqvwudwh wkh dssolfdelolw| ri wkh phwkrg/ wkh dqdo|vlv zloo lqyhvwljdwh
vxssruw iru wkh iroorzlqj k|srwkhvhv/ Mo G o@?& ' o iru o ' fc �c 2c �1 Wkh
k|srwkhvhv Mf wr M� vwdwh wkh qxpehu ri vwrfkdvwlf wuhqgv lq %| lv �� o1

Lqvhuw Iljxuh 5 khuh1

Zh xvh wkh vdph gdwd dv Kduulv exw wkh vdpsoh lv h{whqghg wr fryhu Mxqh
4<:4 wr Pdufk 4<<:1 Wkh gdwd/ vkrzq lq Iljxuh 5/ duh shu fdslwd/ txduwhuo|/
vhdvrqdoo| dgmxvwhg revhuydwlrqv dqgphdvxuhg lq frqvwdqw 4<;<24<<3 grooduv1
Wkh ghwdlov rq frqvwuxfwlrq ri wkh vhulhv fdq eh irxqg lq Kduulv +4<<:,1 Nlqj
hw do1 hvwlpdwh xvlqj d YDU+9, zlwk d frqvwdqw whup iru wkh X1V1 gdwd1
Zh �qg d uhvwulfwhg YDU zlwk 6 odjv zlwk d frqvwdqw lv dssursuldwh iru
wkh Dxvwudoldq gdwd1 Zh xvh wkh sulru ydoxhv 7 ' Uc M ' Uc � ' fc dqg
D ' un Rn & n D�
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Zh suhvhqw wkh wzr Ed|hvldq hvwlpdwhv ri q G q� dv wkh dyhudjh iurp
wkh srvwhulru glvwulexwlrq zlwk d gl�xvh sulru> dqg q�� dv wkh prgh ri wkh
srvwhulru prgxor wkh Mdfreldq1 Wr lqyhvwljdwh Me G q ' M lqirupdoo|/ zh
qrupdolvh wkhvh hvwlpdwhv e| q ' qWqW3�� / dqg zh �qg wkh uhvxowdqw Ed|hv
dqg pd{lpxp olnholkrrg hvwlpdwhv ri q/ dvvxplqj d udqn ri 5/ duh=

q�� '

3C � f
f �

�2��. ��f�.

4D c q� '

3C � f
f �

���f� ���f�

4D dqg q�u '

3C � f
f �

���fe ���f�

4D �

Wkh Ed|hvldq phdq dqg pd{lpxp olnholkrrg hvwlpdwhv duh frpsdudeoh zlwk
+46, dqg vxjjhvw vxssruw iru wkh uhdo0exvlqhvv0f|foh prgho sursrvhg lq Nlqj
hw do1 +4<<4, zkloh wkh Ed|hvldq prgdo hvwlpdwh vkrzv qr uhvhpedoqfh wr
M� Vrph lqyhvwljdwlrq vkrzv wkdw wkh Ed|hvldq hvwlpdwhv ri q duh yhu| vhq0
vlwlyh wkh sulru ydoxhv dqg lw lv wklv ihdwxuh dqg qrw wkh gl�huhqw phwkrgv ri
hvwlpdwlrq wkdw fdxvhv wkh gl�huhqfh lq wkh hvwlpdwhv1

Wklv uhdo0exvlqhvv0f|foh prgho prgho dovr lpsolhv wkhuh lv rqh vwrfkdvwlf
wuhqg/ dqg wkhuhiruh wkh k|srwkhvhv derxw o qhhg wr eh lqyhvwljdwhg1 Wkh
fdofxodwhg olnholkrrg udwlr whvw vwdwlvwlfv/ wzlfh wkh qdwxudo orjdulwkp ri wkh
Ed|hv idfwruv dqg wkh srvwhulru suredelolwlhv ri wkh udqnv duh suhvhqwhg lq
Wdeoh 51 Wkh �uvw froxpq ri suredelolwlhv lq Wdeoh 5 frph iurp d Prqwh
Fduor lqwhjudwlrq vfkhph ghyhorshg lq hduolhu zrun dqg wkh vhfrqg froxpq
ri suredelolwlhv lv iurp wkh qxphulfdo lqwhjudwlrq phwkrg suhvhqwhg lq wklv
sdshu1 Wkh fodvvlfdo uhvxowv vxjjhvw dffhswdqfh ri o ' �/ krzhyhu wkh whvw
vwdwlvwlf lv forvh hqrxjk wr wkh fulwlfdo ydoxh wr vxjjhvw vrph vxssruw iru
o ' 2�

Lqvhuw Wdeoh 5 khuh1

Dffruglqj wr wkh jxlgholqhv vxjjhvwhg e| Ndvv ) Udiwhu| +4<<8, iru lqwhu0
suhwlqj wzlfh wkh orj Ed|hv idfwru/ wkhuh lv fohdu hylghqfh wkdw wkh prgho kdv
uhgxfhg udqn/ zlwk wkh juhdwhvw vxssruw iru d udqn ri wzr1 Wkh fodvvlfdo wudfh
vwdwlvwlf vxjjhvwv d udqn ri rqh1 Wklv uhvxow lpsolhv wzr vwrfkdvwlf wuhqgv lq
wkh v|vwhp lqvwhdg ri rqh dv vxjjhvwhg e| wkh prgho suhvhqwhg lq Nlqj hw
do1 Zh kdyh frqyhuwhg wkhvh Ed|hv idfwru hvwlpdwhv wr srvwhulru suredelolwlhv
iru wkh udqnv dqg wkhvh duh suhvhqwhg lq wkh �qdo froxpq ri Wdeoh 51 Wkhvh
suredelolwlhv jlyh d fohduhu lqglfdwlrq ri wkh hylghqfh lq wkh gdwd iru wkh udqn
ri wzr1
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Lq Wdeoh 6/ wkh uhvxowv ri wkh whvw ri k|srwkhvlv Me frqglwlrqdo rq wkh
udqn/ duh suhvhqwhg1 Li wkh wuxh udqn zhuh 5/ wkhq zh zrxog frqfoxgh iurp
wkh uhvxowv iruMe wkdw wkhuh lv vwurqj hylghqfh lq vxssruw ri wkh uhdo0exvlqhvv0
f|foh prgho xqghu doo irupv ri lqihuhqfh dqg hvwlpdwlrq1 Wkh ed|hvldq uhvxowv
iru wkh k|srwkhvlv Me lqglfdwh wkdw ES| � +|� dqg E�| � +|� hqwhu wkh prgho dv
huuru fruuhfwlrq whupv rqo| li wkh wuxh udqn zhuh wzr/ krzhyhu/ wkh fodvvlfdo
uhvxowv vxjjhvw vxssruw iru Me dw udqnv rqh dqg wzr1 Wkh dpeljxlw| lq
wkhvh frqglwlrqdo uhvxowv iru gl�huhqw udqnv ohdg xv wr frqvlghu xqfrqglwlrqdo
uhvxowv1 Wkh Ed|hvldq xqfrqglwlrqdo srvwhulru suredelolwlhv ri Me/ � EMem+� '
�S

o'f

� EMemMoc +�� EMom+�/ duh lqfoxghg dw wkh erwwrp ri Wdeoh 61

Ryhudoo/ wkhvh uhvxowv vxjjhvw wkh uhdo0exvlqhvv0f|foh prgho zlwk shupd0
qhqw surgxfwlylw| vkrfnv lv ydolg dv wkhuh dsshduv wr eh rqh vwrfkdvwlf wuhqg/
wkh yduldeohv gr hqwhu wkh orqj uxq uhodwlrqv wkurxjk vrph frpelqdwlrq ri
wkh whupv ES| � +|� dqg E�| � +|�c uhjdugohvv ri wkh udqn dqg iurp wkhvh
uhvxowv zh kdyh wkh mrlqw suredelolw| ri wkhvh frqglwlrqv/ � EMe _M2m+� '
� EMemM2c +�� EM2m+�c ehwzhhq ..I dqg beI1 Zkloh zh fdq frpsduh iuh0
txhqwlvw dqg Ed|hvldq frqfoxvlrqv iurp wkh frqglwlrqdo whvwv lq Wdeoh 6/ qr
fodvvlfdo htxlydohqw wr wklv xqfrqglwlrqdo lqihuhqfh h{lvwv1

: Frqfoxvlrq1
Lq wklv sdshu zh kdyh ghprqvwudwhg d phwkrg ri �qglqj dssur{lpdwlrqv wr
orj Ed|hv idfwruv/ ru Ed|hvldq wudfh vwdwlvwlfv/ iru wkh udqn ri d srwhqwldoo| uh0
gxfhg udqn uhjuhvvlrq prgho1 Wkhvh dssur{lpdwlrqv xvh wkh Odsodfh phwkrg
ri dssur{lpdwlqj lqwhjudov1 Zh dovr uho| khdylo| rq wkh phwkrg ri Dqghu0
vrq +4<84, dqg Mrkdqvhq +4<<8d, iru �qglqj hvwlpdwhv ri sdudphwhuv iru wkh
uhgxfhg udqn uhjuhvvlrq prgho dw wkh prgh ri wkh srvwhulru prgxor wkh Md0
freldq1 Wkh uhvxowv iru d vlpsoh h{dpsoh ri d exvlqhvv f|foh prgho vxjjhvw
wkdw wkh shuirupdqfh ri wkh Ed|hvldq wudfh vwdwlvwlf lv vlplodu wr wkdw ri wkh
fodvvlfdo wudfh vwdwlvwlf1
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; Uhihuhqfhv1
Dqghuvrq/ W1Z1 +4<84, �Hvwlpdwlqj olqhdu uhvwulfwlrqv rq uhjuhvvlrq frh!0
flhqwv iru pxowlyduldwh qrupdo glvwulexwlrqv1� Dqqdov ri Pdwkhpdwlfdo Vwdwlv0
wlfv/ 55/ 65:06841

Guh}h/ M1K1 +4<:9, �Ed|hvldq olplwhg lqirupdwlrq dqdo|vlv ri wkh vlpxowdqhrxv
htxdwlrqv prgho1� Hfrqrphwulfd/ 77/ 4378043:81

Guh}h/ M1K1 dqg M1K1 Ulfkdug +4<;6, �Ed|hvldq dqdo|vlv ri vlpxowdqhrxv
htxdwlrqv v|vwhpv� lq= ]1 Julolfkhv dqg P1G1 Lqwuloljdwhu/ hgv1/ Kdqgerrn
ri Hfrqrphwulfv/ Yro1 4 +Qruwk0Kroodqg/ Dpvwhugdp,1

Jhzhnh/ M1 +4<<9, �Ed|hvldq uhgxfhg udqn uhjuhvvlrq lq hfrqrphwulfv1� Mrxu0
qdo ri Hfrqrphwulfv/ :8/ 45404791

Kduulv/ G1 +4<<:, �Sulqflsdo frpsrqhqwv dqdo|vlv ri frlqwhjudwhg wlph vhulhv1�
Hfrqrphwulf Wkhru|/ 46/ 85<088:1

Mrkdqvhq/ V1 +4<;;, �Vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq yhfwruv1� Mrxuqdo
ri Hfrqrplf G|qdplfv dqg Frqwuro/ 45/ 56405871

Mrkdqvhq/ V1 +4<<8d, Olnholkrrg0edvhg Lqihuhqfh lq Frlqwhjudwhg Yhfwru Dx0
wruhjuhvvlyh Prghov/ R{irug Xqlyhuvlw| Suhvv/ Qhz \run1

Mrkdqvhq/ V1 +4<<8e, �Lghqwli|lqj uhvwulfwlrqv ri olqhdu htxdwlrqv zlwk dssol0
fdwlrqv wr vlpxowdqhrxv htxdwlrqv dqg frlqwhjudwlrq1� Mrxuqdo ri Hfrqrphw0
ulfv/ 9</ 44404651

Ndvv/ U1H1 dqg D1H1 Udiwhu| +4<<8,1 �Ed|hv Idfwruv1� Mrxuqdo ri wkh Dphu0
lfdq Vwdwlvwlfdo Dvvrfldwlrq/ <3/ ::60:<81

Ndvv/ U1H1 dqg V1N1 Ydlg|dqdwkdq +4<<5,1 �Dssur{lpdwh Ed|hv idfwruv dqg
ruwkrjrqdo sdudphwhuv/ zlwk dssolfdwlrq wr whvwlqj htxdolw| ri wzr elqrpldo
sursruwlrqv1� Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| E/ 87/ 45<�4771

Nlqj/ U1J1/ F1L1 Sorvvhu/ M1K1 Vwrfn/ dqg P1Z1 Zdwvrq +4<<4,1 �Vwrfkdvwlf
wuhqgv dqg hfrqrplf  xfwxdwlrqv1� Wkh Dphulfdq Hfrqrplf Uhylhz/ ;4/
;4<0;731

Nohlehujhq/ I1 +4<<:,1 �Htxdolw| uhvwulfwhg udqgrp yduldeohv= Ghqvlwlhv dqg
vdpsolqj dojrulwkpv1� Hfrqrphwulf Lqvwlwxwh Uhsruwv/ qr1 <995/ Hfrqrphw0
ulf Lqvwlwxwh/ Hudvpxv Xqlyhuvlw| Urwwhugdp1
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Nohlehujhq/ I1 dqg U1 Sdds +4<<:,1 �Sulruv/ srvwhulru rggv dqg Odjudqjh pxo0
wlsolhu vwdwlvwlfv lq Ed|hvldq dqdo|vlv ri frlqwhjudwlrq1� Hfrqrphwulf Lqvwlwxwh
Uhsruwv/ qr1 <99;/ Hfrqrphwulf Lqvwlwxwh/ Hudvpxv Xqlyhuvlw| Urwwhugdp1

Nohlehujhq/ I1 dqg K1N1 ydq Glmn +4<<7,1 �Rq wkh vkdsh ri wkh olnholkrrg2srvwhulru
lq frlqwhjudwlrq prghov1� Hfrqrphwulf Wkhru|/ 43/ 84708841

Ohzlv/ V1P1 dqg D1H1 Udiwhu| +4<<:,1 �Hvwlpdwlqj Ed|hv idfwruv yld srvwhulru
vlpxodwlrq zlwk wkh Odsodfh0Phwursrolv hvwlpdwru1� Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ <5/ 97;09881

Olqgoh|/ G1Y1 +4<;3,1 �Dssur{lpdwh Ed|hvldq Phwkrgv1� lq= M1P1 Ehuqdugr/
P1K1 Ghjurrw/ G1Y1 Olqgoh|/ dqg D1P1I1 Vplwk/ hgv1/ Ed|hvldq Vwdwlvwlfv/
Ydohqfld/ Vsdlq= Xqlyhuvlw| Suhvv1

Udiwhu|/ D1H1 +4<<7,1 �Dssur{lpdwh Ed|hv idfwruv dqg dffrxqwlqj iru prgho
xqfhuwdlqw| lq jhqhudol}hg olqhdu prghov1� Whfkqlfdo uhsruw qr1 588/ Ghsduw0
phqw ri Vwdwlvwlfv/ Xqlyhuvlw| ri Zdvklqjwrq1

Udiwhu|/ D1H1 dqg Ulfkdugvrq V1 +4<<6,1 �Prgho vhohfwlrq iru jhqhudol}hg
olqhdu prghov yld JOLE/ zlwk dssolfdwlrq wr hslghplrorj|1� gudiw fkdswhu iru
Ed|hvldq Elrvwdwlvwlfv/ G1D1 Ehuu| dqg G1N1 Vwudqjo/ hgv11

Vwudfkdq/ U1Z1 +4<<;,1 �Ed|hvldq Hvwlpdwlrq ri wkh Uhgxfhg Udqn Uh0
juhvvlrq Prgho zlwkrxw Rughulqj Uhvwulfwlrqv1� Zrunlqj sdshu/ Prqdvk
Xqlyhuvlw|/ Phoerxuqh1

Wlhuqh|/ O1/ U1H1 Ndvv/ dqg M1E1 Ndgdqh +4<;<,1 �Dssur{lpdwh pdujlqdo
ghqvlwlhv ri qrqolqhdu ixqfwlrqv1� Elrphwulnd/ :9/ 75807661

Wlhuqh|/ O1 dqg M1E1 Ndgdqh +4<;9,1 �Dffxudwh dssur{lpdwlrqv iru srvwh0
ulru prphqwv dqg pdujlqdo ghqvlwlhv1� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq/ ;4/ ;50;91

]hooqhu/ D1/ F1 Plq/ dqg G1 Gdoodluh +4<<6, �Ed|hvldq dqdo|vlv ri vlpxowdqh0
rxv htxdwlrq dqg uhodwhg prghov xvlqj wkh Jleev vdpsohu dqg frqyhujhqfh
fkhfnv� K1J1E1 Doh{dqghu Uhvhdufk Irxqgdwlrq zrunlqj sdshu +Xqlyhuvlw|
ri Fklfdjr/ Fklfdjr/ LO,1
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< Dsshqgl{ L= Hvwlpdwhv ri �c kc P dqg q dw
wkh prgh ri h{sE�V� Ew�� �

Lq wklv Dsshqgl{ h{suhvvlrqv iru wkh prgdo hvwlpdwhv ri �c kc P dqg q dw wkh
prgh ri i T E�V� Ew�� duh ghulyhg iru wkh prgho zlwk udqn o1 Wkh h{suhvvlrqv
duh ghulyhg iru wkh lqirupdwlyh sulru dqg wkh h{suhvvlrqv iru wkh gl�xvh sulru
duh vkrzq wr eh d vshfldo fdvh ri wkhvh1 Zh gurs wkh fduhw +e, dqg wlogh +h,
qrwdwlrq zklfk zh xvhg wr glvwlqjxlvk ehwzhhq vfdoduv/ yhfwruv dqg pdwulfhv
dvvrfldwhg zlwk wkh gl�huhqw sulruv lq wkh sdshu1 Zh gr wklv wr hdvh wkh
qrwdwlrqdo exughq rq wkh uhdghu1 Zh duh deoh wr suhvhqw d irup iru wkhvh
h{suhvvlrqv xvlqj wkh lqirupdwlyh sulru dqg vkrz krz wr rewdlq iurp wkhvh
wkh h{suhvvlrqv iru wkh gl�xvh sulru zlwk vrph vlpsoh fkdqjhv1
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h{suhvvlrqv duh lghqwlfdo dqg wklv vdyhv frqvlghudeoh qrwdwlrq1

Zh �uvw uhplqg wkh uhdghu ri wkh qrwdwlrq xvhg1 Ohw ~f ' t / ~� ' f/ dqg
~2 ' ~/ V��� ' ~ �

�~� n ���c iru E��� ' E�c �� c E2c �� c E2c 2� c V�2f ' ~ �

2~f n
�2��n�22�c dqg V��f ' ~ �

�~fn����n��2� dqg V�ff ' ~ �

f~fn��M�n7�
Ilqdoo| ohw 7�� ' ��� ���2�

3�
22 �2�c 7�� ' 7��� dqg ��� ' � �

��� Wkhq iru wkh
lqirupdwlyh sulru/

�V� Ew� ' �u

2
*? mMm � V

2
*? mPm +47,

��

2
|oP3� E~f � ~�qk� ~2��

� E~f � ~�qk� ~2��

��

2
|oP3�

�
E� ����M E� ��� n 7

�
�

49



Wkh h{suhvvlrq iru �V� Ew� zkhq zh xvh wkh gl�xvh sulru lv irxqg e| �uvw
gursslqj wkh whup �u

2
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dqg vr/ iru wkh lqirupdwlyh sulru
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2 dqg vhw M ' f dqg 7 ' f� Xvlqj wkh
jhqhudo qrwdwlrq ri wklv vhfwlrq/ wkh dojheudlf irup ri wkh prgdo hvwlpdwhv
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43 Dsshqgl{ LL= Wkh Khvvldq ri � Ew� dqg lwv
ghwhuplqdqw1

Wkh vhfrqg whup qhfhvvdu| iru wkh Odsodfh lqwhjudo lv wkh Khvvldq ri � Ew� �
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wr vlpsoli| wkh h{suhvvlrq iru wkh pdujlqdo olnholkrrg1 Djdlq wkh uhvxowv
suhvhqwhg duh iru wkh lqirupdwlyh sulru dqg wkh qrwdwlrq iurp Dsshqgl{ L lv
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Wdeoh 4= Lqwhusuhwdwlrq ri wzlfh wkh orj Ed|hv idfwru +Ndvv ) Udiwhu| 4<<8,1
2 ,?�8 Efm�� �8 Efm�� Hylghqfh djdlqvw Mf

3 wr 5 4 wr 6 Qrw zruwk pruh wkdq
d eduh phqwlrq

5 wr 9 6 wr 53 Srvlwlyh
9 wr 43 53 wr 483 Vwurqj
: 43 : 483 Yhu| Vwurqj

Wdeoh 5= OU vwdwlvwlfv dqg srvwhulru suredelolwlhv iru udqnv1

Udqn +o, u-EMomM�� 8( Fulwlfdo ydoxh 2 ,?j�8 Eom�� h� EMom+� � EMom+�
3 6815; 5<19; 5:183 3134 3133
4 44145W 48174 67183 3155 3136
5 5145W 61:9 6:135 31:: 31<9
6 0 0 0 3133 3134

W Dffhsw wkh qxoo k|srwkhvlv Mo G o@?& ' o djdlqvw wkh dowhuqdwlyh
M� G o@?& ' ��

Wdeoh 6= OU vwdwlvwlfv dqg srvwhulru suredelolwlhv iru Me jlyhq Mo1

Udqn +o, u-EMemMo� s0ydoxh 2 ,?j�8 Eemo� h� EMemMoc +� � EMom+�
3 0 0 3133 3183 3183
4 31335 31<: 04:15 3133 3133
5 315;9 31;: 4:7615 4133 31<;
6 0 0 0 3133 3133
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Iljxuh 4= Orjv ri vhdvrqdoo| dgmxvwhg/ uhdo sulydwh shu fdslwd frqvxpswlrq
+S|,/ lqyhvwphqw +�|, dqg rxwsxw ++|,1 Wkh gdwd duh rewdlqhg iurp wkh Dxv0
wudoldq g[ gdwdedvh dqg wkh vhulhv lghqwl�huv dqg frqvwuxfwlrq duh ghwdlohg
lq Kduulv +4<<:/ Iljxuh 4,1 Lq wklv �jxuh/ 31< kdv ehhq dgghg wr �| iru suh0
vhqwdwlrq sxusrvhv1
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