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switching drift, where the switching component describes the change between
high and low growth rate periods. This new model is used to analyse the US
business cycle using US Quarterly real GNP data. Model parameters are estimated
using a Gibbs sampling algorithm and subsequently used for forecasting purposes.
In addition, the stability of the new model is tested against Hamilton’s model over
a range of observation periods.

Key words: Structural model - Markov switching regime - Gibbs sampling -
Business cycle.

JEL Classification: C11, C22, C53



A Switching Structural Model

1. Introduction

Hamilton (1989) proposed a model for the analysis of an observed time series
subject to irregular transitions between two different regimes, and applied his
model to characterise the US Business cycle using US GNP data. His model uses
a simple autoregressive structure to characterise the evolution of the observed
series whose conditional mean is determined by a latent, binary Markov switching
variable that takes a value of unity during expansionary periods and a value of
zero during recessions. Hamilton also provided an algorithm for estimating the
probability of a recession at each time period based on a maximum likelihood
approach. Since that time, several other authors have investigated modifications to
the model specification (Lam, 1990; Hansen, 1992; Kim, 1994), computation of
the recession probabilities (Albert and Chib, 1993) and the application of the
models to various other data sources (Cecchetti et al, 1990; Hamilton and Lin,
1996). In this paper we propose a new model based on the structural time series
model underlying exponential smoothing (Snyder, 1985; Forbes, Snyder and
Shami, 2000) that is augmented by a latent binary switching variable. We call this

model the switching structural model (SSM).

The characterisation of an economic time series using linear structural models
(LSM) is based on a traditional decomposition of the observed series into level,
growth, seasonal and irregular components (Harvey, 1984). These unobserved
components are assumed to evolve dynamically according to a linear relationship,
traditionally made stochastic by the inclusion of an additive error term that is

uncorrelated with the observation error. Statistical analysis of an observed time
series using this traditional state space model form requires the use of a Kalman

filter.

Another equally general state space framework involves only a single source of
error (Snyder, 1985; Ord, Koehler and Snyder, 1997). Called the innovations form
by Aoki (1987), the calculation of the likelihood function for this model requires
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simple exponential smoothing methods rather than the more cumbersome Kalman
filter. It also has a more direct equivalence relationship to the popular ARIMA
models than does the traditional LSM (Shami and Snyder, 1998).

Linear state space models in both the traditional form (Harvey, 1985; Watson,
1986; and Clark, 1987) and the innovations form (Aoki, 1988 and 1993) have
been used to characterise economic time series. Notably, Harvey (1985) uses the
LSM on US GNP data to analyse the business cycle. However, as Hamilton
(1989) suggests, activities during the business cycle’s expansionary phase may be
different from those that take place during the recessionary phase. As such,
nonlinear models are used in preference to linear models to characterise this

distinction.

In addition to proposing the new SSM model, we provide a complete approach to
computing a Bayesian analysis of the proposed model. The Gibbs sampling
(Gelfand and Smith, 1990) based algorithm builds on the work of Forbes, Snyder
and Shami (2000), who demonstrate the use of Monte Carlo composition to
compute Bayesian posterior parameter and forecasting distributions for the linear
structural model based on the innovations form. Others, notably Albert and Chib
(1993), Kim and Nelson (1999) and Luginbuhl and De Vos (1999) have used

Bayesian methods on various traditional switching models.

The plan of the paper is as follows. The new model is presented in Section 2,
along with a brief description of the conditional distribution of the data. An
outline of the Bayesian approach and our prior distributional assumptions are
given in Section 3. Also, an algorithm for producing a sample from the joint
posterior distribution of the parameters in the model, along with a method for
calculating the marginal posterior switching probabilities is presented. The new
model and technique are applied to US quarterly real GNP data from 1954 to 1984
in Section 4, and the stability of the model is discussed in Section 5. The paper

concludes with a brief discussion and directions for further research.
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2. A Switching Structural Model

Structural time series models can provide useful descriptions of business and
economic series by decomposing the observed series at different time points into
level, growth, seasonal and irregular components. To handle the statistical aspects
of the structural time series models, we put them in state space forms. The
innovations form state space model, called the single source of error (SSOE)
model in Forbes, Snyder and Shami (2000), is given by the two equations
y,=Xh,+e measurement equation (2)
b =Th,+ae transition equation 2
where x is afixed k-vector andT is akxk transition matrix typically taken to
contain known constants. Thg&'s are assumed to be independent normally
distributed disturbances with common mean zero and variaicanda is ak-
vector of ‘'smoothing’ parameters. Here, the value of the observed series gt time
Vi, IS described as arising from a known linear combination of unobservable
componentsp,.; and an independent disturbance teem,This SSOE model is
linear, and provides a statistical framework encompassing general exponential

smoothing.

One special case of this general SSOE model is the structural model containing a

local level and constant growth termg, g
Yi=la+0,+¢ €))
i =l4+go+ae (4)

which can be put into the general SSOE state space form by taking
11 .
Q’=(|pgo)'b6:(|o,go)'x':(ll)'T:[o 1]anda':(arl,o).ThemodeIW|tha

constant growth term, however, does not seem to adequately describe business
cycle fluctuations, and so it seems useful to adjust the model by introducing
switching behaviour into the growth coefficient to distinguish between periods of
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contraction and expansion. A new nonlinear structural model, which we call the

Switching Structural Model (SSM), is defined now by the equations

Y =l,t+0o.,te %)
I, =l +9,,+ae (6)
0. = M8 + Uy, (7)

wherey; is the observed value at timd; represents the unobserved level at time

t, g is the unobserved growth at timethe e’'s are independent and normally
distributed disturbances with mean 0 and variaaée and a is the level
smoothing parameter. Now the growth coefficient at timg, depends on an
unobserved random variable that determines the ‘state’ of the system (or
economy) at timd, s. This variables; takes a value of 1 or 0 according to a
Markov chain of order 1. Importantly, it is also assumed that when given the value

of the true state during the last time perigd,, the state variable at tintes, is

independent of the observatios=( y, %,..., y)' . Hence we have
P(s=1s,=D= p
P(§=0$,=0)= g

and
P(sl sy 8 M= R$.8) (8)
The transition probabilities can be represented by a matrix of the form
1_
M = [ g q] (©)
1-p ¢

where my; gives the probabilityP(§ =2-{S,=2- ). Also, we take as the
initial state probabilities

1-q 1-p
2-p-q 2-p-q

which are the ergodic probabilities of the Markov chain component of the model.

P(s =1)= and P(g=0)= (10)

Note that due to the nonconstant growth term, the model is no longer linear and
therefore cannot be put into the SSOE form given by (1) and (2).
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This idea of using a Markov chain with two states to represent the expansion and
contraction phases of the business cycle was introduced by Hamilton (1989). The

parameters i, andy, together define the two levels of growth. During an
expansions = 1 and the growth rate is given loy = u, + u,, whereas during a
recession,ss = 0 and the growth rate is given bg, = u,. As we require

‘expansion’ to have a higher growth rate than ‘recession’, we impose the

constrainty, > 0.

The difference between Hamilton's model and the SSM is that in the former
model, the observation is regressed on a limited humber of past observations and
the latter exploits the property of exponential smoothing by regressing on the
whole set of observations weighted by a decaying parameter. Also the number of
parameters to estimate decreases from nine in Hamilton (1989) to seven in the
SSM.

The likelihood function for this SSM model can be constructed from
consideration of the joint probability distribution of the observed data and
unobserved state variables. For convenience, we collect the model parameters into
two groups,A, = (Io,az,a)' and A, = (o, Uy, p,q)'. Partitioning the parameter set

into these two blocks is convenient becauseis associated with the linear

structural model corresponding to exponential smoothing with a constant growth

term, whereas\, is associated with the Markov switching component.

The joint probability of the observed datay, =(y, y2y1) and the

unobserved state vectd, , =($, $..., 5,) .given A’ = (/\1' ,)\2') has the form

n

f(Y. Salh) = (ylsA) (R[] € M. S4) (fesl$4).(11)

t=2

(o]
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The likelihood function of the parameteis(A|Y,) = p(Y||A), is calculated for any

particular value ofA by averaging (11) over all possiblé\&alues ofS, ;.

We will show how to compute the Bayesian posterior probability distribution in
the next section utilising the special structure of model. In particular, for fixed

values ofA, and S_,, the model retains the essential features of an SSOE model,
and hencef(y,|Y_.,$.,,A) can be computed using a minor modification of the

procedure given in Forbes, Snyder and Shami (2000). Their procedure is based on
a transformation from (5) and (6) into a reduced form regression relationship,

which we now detail.

From the SSM measurement equation in (5) and conditiondl,o§_, andY,_,
the distribution ofy; is normal with meanl_ +g,, and varianceo’. Let
d =1-a . By substituting the value of the noise teren=(y, - |.,— g_,), from

the measurement equation (5) into the level transition equation (6) yields
l=d ., +@.,+ay,. (12)

Backsolving to time = 1, we obtain

t t-1 _
l, :5t|0+25]gt_j +Za51yt_j, (13)
1= 1=
where g, = U, + U, and hence
t t-1
Y, =0, + S g +Yadly,_ +e. (14)
t 0 JZ t—j ]Z t—j
Note (14) can be conveniently rearranged as
Vo =xh+e, (15)
where
. j-1 - j-1 t-1
UV =v— j- _ j- I =St
Y. =Y, 12:15 g ]ZlacS y_; and X =0". (16)
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Computing these transformed values is fast due to the recurrence relationships
yt+1 = Y™ M +5§{ “HiS -Ho and )?t+1 = 5)?1 : Therefore’f(ytlYt—l' S—l’A) can be

computed in (11) using

Y ) D07 e~ (V- TP} @7)

3. A Bayesian Analysis

To complete a Bayesian analysis, a joint prior distribution for the unknown
parameters must be specified. As parameters will be sampled in blocks, we
specify the general form of

P(A,A2) D P(A)HA,). (18)
We follow Forbes, Snyder and Shami (2000) by imposing
P(A,) = P(l,a,0%) 007*Pa), (19)

for —o <l <o, g°>0 and 0<a < 2. The limits of a are derived by writing

the SSM as an ARIMA model. By taking the first difference of the level in (6) and
substituting the result into the first difference of (5), we obtain an ARIMA(0,1,1)
with drift. The moving average coefficient is equal do-1. The invertibility
condition of the ARIMA process leads us to impose that the absolute value of

a —1 should be less than one which translates into the consbraiat< 2.

As the algorithm we detail is not sensitive to the choiceP@f), we leave the

notation general at this stage. In our example, we choose a uniform distribution so

that P(a) = 0.5 for all 0<a < 2. The marginal prior forA, is chosen to simplify

the Gibbs sampling algorithm we propose, with

P(Az) = g( B U, Ltlo) Q 4 Yo l(!J) ;_L> o (20)
where
g(xuy)= %x“(l— X)Lz With u> 0, v> 0. (21)
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That is,p andq are assumed to have independent Beta marginal prior distributions
and the marginal prior for the growth coefficients is (improper and) uniform over

the region whereu, < u, + . This restriction is imposed so that observations at

times corresponding to an expansion have a higher growth rate than those
corresponding to a recession. In our example, we choose both of Beta prior

distributions as uniform distributions, correspondingito= U, = Uy, = Uy, =1.

Taking the likelihood function, as discussed in Section 2, and the above joint prior
distribution, we can construct the posterior distribution for the unknown
parameters contained Anusing to Bayes’ theorem
L(AlY,)RAA
p()\m):M_ (22)
P(Y,)
However, direct Bayesian inference abaum the SSM is not an attractive option,
since it entails the computation of the complicated likelihood. As there is no
available analytical expression for the posterior distribution, we resort to using a

Gibbs sampling simulation method to sample from this joint posterior. Indeed, we
actually obtain a sample from the joint posterior distribution(AfS, ), and

marginalise appropriately to obtain useful summaries of the distribution of these

variables conditionally on the observed data.

Gibbs sampling (Gelfand and Smith, 1990; Geweke, 1999) traditionally refers to
the process of repeated sequential sampling of each unknown, typically univariate,
parameter in a model from its complete conditional posterior distribution; i.e. the
distribution of that parameter given previously sampled values of all other
unknown parameters and the observed data. Under some regularity conditions
(Tierney, 1994) this sample of parameter values, although not independent, does
converge to its full joint posterior distribution. It has been shown (Liu, Wong and
Kong, 1994) that Gibbs sampling schemes that collect together individual
parameters into groups, or blocks, are more efficient as they generally reduce the

correlation between successive sampled parameter values.
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The sampling scheme we suggest here utilises fully the special structure of the

model and prior distribution by sampling from the following distributions

P(AlY,, Sa0d ), (23)
P( Sl ¥4 2)1 (24)
P(A2lY,, Seaihy) - (25)

We now consider each of these in detail.

Complete Conditional Distribution of A;

As discussed in Section 2, when all of the switching states are known the model
reduces to a minor variant of the linear model considered by Forbes, Snyder and
Shami (2000) and Bayesian inference is easy to execute. In particular, it can be
shown that

PAIY, §242) 0 Ral X, $:4) @71 84, 4)
P(|0|Yn, S AL ,02)_

Thus, a sampled value from the complete conditional distributioh afiay be

(26)

sampled using simple composition. First sample a valued ofor <2 with
probabilities given by
P(alY,, S..A,) [Z 52t) SSE™V?, (27)
with
n -1 n
SSE= y—o') andl ( 5”) oy, . (28)
2 %) 2
No analytical normalising constant is available. However, a sampled value can be
obtained by evaluating (27) numerically on a grid of J+1 poin{s over
O<a,; <2, normalising, and using an inverse cumulative distribution function

approach to sample.

10
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Having obtained this value @f, the conditional distribution foo® can be shown
to be an inverted gamma distribution with shape paramete(N-1)/2 and
scale parameter = 2/ SSE, so that

P(0?la,Y,, Se HyHo) =T (3 0™ exd-1/ °}. (29)
To sample a value foo®, we sample a random variabbe, from a gamma
distribution with shape parametarand unit scale parameter, and then compute

0% =(cx) .

Finally, given values oftr and ¢, |, can be shown to have a univariate normal
distribution with mearf, and variance/,_, where

n-1 -1 _ x2n
—02{25”} —g2170 (30)

vV =
lo t=0 1_ 62

Complete Conditional Distribution of S;.;

We generate the entire vector of switching states as a block from its complete

conditional distribution

PS4 YA)= Rl YAN] R, ,8) (31

Looking at any term from the product of the right hand side of the equation,
P(s|Y..A, $.); conditional onYs, (Y,,,---,Y,) contains no information abost

beyond that contained .;. Hence,

P(slY.A,8,)= Rd A, 8)

and the complete conditional distribution fr; can be written
n-2
P(S.4Y.A)= Rgal YA ﬂ R$ XA, .$) (32)
t=

Although the required computations are different, we follow the basic strategy of
Carter and Kohn (1994) by first filtering forward recursively to obtain the

probabilities P(s| Y.;,A) until the final state

11
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P(541YA), (33)
and subsequently sampling in reverse order using the smoothed probabilities
P($d YA $0) - (34)

Before demonstrating how to compute (33) and (34), we recall for notational
convenience, that the level at tinean be described by a linear combination of

past data, Y;, the initial level, 1o, and the past growth values,

G =(Gy G- g_l)' according to

t-1

t
L =01,+$ dlg,_ +Y dlay,_. . (35)
t 0 12:1 t—j JZO t—j
Hence, conditional on all of the value$Y,S.,A), the level vector,

Lo = (10, t_l)' , can be computed exactly.

Forward Filtering Probabilities

Let Y; be the observed data up to tiiné; be the level vector up to timieand$S

be the switching vector up to tintencluding the initial values,. Following the

spirit of Hamilton's approach (1989), filtering probabilities are derived here by an
iterative procedure. The input value of the filter is the conditional probability of
the state at timg P(s| Y., L.;,A), and the output is the conditional probability of

the state at timer1, P(S,| Y.., k.,,A). Each of the input and the output values is

a vector consisting of two elements, one for each regime. These two elements are

probabilities and always sum to unity.

To set up the iteration, the procedure needs an initial via(sg ¥, Ly,A ), which
in the absence of observed data is equal to the unconditional prob&gjty ).

These probabilities are computed from (10). The filtering algorithm proceeds as

follows:

12



A Switching Structural Model

Step 1:AssumeP(s|Y.;, L.;,A)is known. By adding another state;, calculate
the joint probability of (s,;,$) conditional on currently available dat.s,

currently available levdl.;, and parameter vectdr using

P(8: 8l Yo, boA)= Rsul s 0 bA) Be$lY, wkd ) (36)
However,P(s.,| S, Y1, L,,A)= R S,],84) by assumption (2), and hence

P(Si: 8l Yo k1A )= RSl 8A) RS, k) (37)

Step 2:Sum over the possible values of the stgte
1
P(Sul Yo LpA)= Z Rigs g LA (38)
5=0

Step 3: Calculate the conditional distribution &f1 given Yu, L2 and A using

Bayes’ theorem

(It+2’yt+2|§+l’Y+1’ IT+1’A )P(§+1| tY+1’ !?1/\ )’

f
P LR 'A =
(Sl Yizs Li20A) f (12 Yesol Yoars LinA)

or

P(S+1| Y+2’ I'r+2’A )D
f(|t+2|yt+21§+l’ |t+17A )f (yt+2|$+1’ l+ 1/\ )P($+ 1|tY+ 1 l# lA )!

where the first term of the right hand side is degenerate, allowing the value to be
derived from (12),

o = Yo Ol H St ) -
The second term is calculated from the measurement equation (5),

Yoo = bag P St ot €,

(39)

1 _Yiso—hsa=HSe—H 0?

f (yt+2| $+1’ |[+1’A ): W € 20° ’ (40)

and the third term from (38).

Step 4: Normalise the right hand side of (39), which is symbolised by
P (S4l Y., L.,), to obtain the output

P(S+1| Y+2’ I'r+21A ): 1P ($+1| Y+2, IHZ) ' (41)

z P*(Sﬂl Y+2' I‘1-+2)
§41=0

13
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Note here that the first iteration begins at step 3 and subsequent iterations at the

first step.

Backward Sampling Probabilities
Once all the filtered probabilitieB(s]| Y,,, L.,,A) for all t=0,---, n—1 are known,

a backward filtering and sampling procedure is needed to find the probabilities of

s conditional onYws, L1 ands.+1. An application of Bayes theorem gives

P8l 8. Yo LD RAY LAY g
P($+1| Y+l’ |1'+17A )

The two probabilities in the numerator of (42) are available because
P(Sul $: Y, biA)= R Sl sA)from (8), andP(s]| Y.y, L.,.A) is obtained from
the forward filter. Hence, (42) simplifies to

P(S| Yi1r b 80A)0 RSl 9 Re$Y, kA ) (43)
the right hand side of which, symbolised by (s|Y., k., S,), can be

P(s| Y ks §14)=

normalised to obtain

PUSI Yo Loy B )= Y o ). (@)
ZP (81 Yo bas 84)

Thus, after filtering forward to obtairP(s|Y,,, L.,,A) for t=01...,n-1, a

sampled value doé,.; can obtained, and subsequently sampled valugscah be

obtained using the backward sampling probabilities in (44) fon-2,...,0.

Complete Conditional Distribution of A,
It can be shown that the complete conditional distributionAgfcan be

decomposed into the product

P, SuAs) = RULY, B2 € PY SA) (PIGY,$4), (45)

primarily due to the availability o,.;. Each of u = (ul,uo)' , p andg can then be

sampled independently from the relevant distribution gig®,.; andA;.

14
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Consider first the distribution fop. Substitutingg.; into the measurement
equation in (5), we have
Vi =l =St Uyt €. (46)
Given values ofA,, S ,, this is a regression of the form
Z=WH+e, (47)
where z =y - |,, W :(s_l,l)'. Under the assumption that, >0, standard
Bayesian algebraic manipulations indicate that has a truncated normal

distribution having density
(U, SavAss B QO exs[—%(u -u,) =, (- u,,)} Lo (48)
where i, =(W'W)™"W ZandZ, = (W'W)™g?, with

W' = (W, W, W) and X' = (%, %, ++, %) -

We next consider the transition probabiliteandg. Conditional onY,, S,_,, and

A1, p andg each have a conjugate prior distribution as given by (21), and hence

have independent beta posterior distributions

P(pdY,.$:A)= 6Py W @Ry ¥ (49)
where v, =n;+u, W= Mot Uy Vy =Myt U W= Nyt Uy, and n; is the

number of transitions frorg.; =i tos =J.

Computing Posterior Marginal Switching Probabilities

Once the Gibbs sampler algorithm has converged, a sample af saa the
posterior distribution is available and estimates of numerous features of the
posterior are available. Forbes, Snyder and Shami (2000) detail how to obtain
forecast distributions for the SSOE model, and those calculations can be directly
extended for the SSM model.

15
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Of particular interest is the posterior marginal switching probabifig$Y,),

which can be computed using Rao-Blackwellised estimators as follows
1 r
Pl =1Y)=7 3 Ple=4Y.A") (50
=1

where P(5 =1 Y,A%) is the {+1)" element of the vectoP(S_, =1 Y,A*) and

A¥ is the sampled parameter valuekor 1, 2, ...r.

Computing Regime Duration
The expected duration of an expansion is estimated using the sample robfsize
generated probabilities®. Let D; be the duration of an expansion beginning at

timet. Its expected value is given by
E(DIs =1)=1y 1/~ p*), (51)
k=1

wherep® is thek™ iteration ofp from the Gibbs sampler. Similarly, the expected

value ofDy, the duration of a recession, is

E(DI§=0)=+ Y 1/(1-q"). (52)

4. Application to US GNP

In this section the quarterly US real GNP from the first quarter of 1951 to the
fourth quarter of 1984 will be modelled using an SSM and our algorithm detailed

in the last section. The observatiopsare the natural logarithm of real GNP
multiplied by 100. The first 2000 iterations from the Gibbs sampling were
discarded, although it appeared that convergence was obtained after only a few
hundred iterations. An additional 5000 iterations were saved and used to draw
inferences on the parameters. The estimated posterior means are shown in Table 1
below along with the standard error of the corresponding marginal posterior
distributions.

16
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Mean Standard Error

a 1.154 0.103
o’ 0.716 0.13

lo 714.853 0.953
Uy 1.646 0.418
Ho -0.566 0.466
p 0.874 0.111
q 0.594 0.158

Table 1 - Parameter estimates and standard errors - SSM

The smoothing parameter value of 1.15 is close to one. The equivalent
ARIMA(0,1,1) of the SSM collapses to a random walk with switching drift. This

is in line with previous studies suggesting existence of unit root in GNP time
series (Nelson and Plosser; 1982, Stock and Watson; 1986, Perron and Phillips;
1987). The growth during the expansion period is around 1.08% f,) and

during the recessionary period is around -0.5§%).( The expected duration of

expansions and recessions, which can be derived from (51) and (52) are equal to

11.72 and 2.97 quarters respectively.

The Rao-Blackwellised marginal posterior density estimates for the parameters
are given in Figures 1 to 7. The marginal posterior distributionaofis
symmetrically distributed around its estimated mean (Figure 1) as is the marginal
posterior distribution for the initial level (Figure 3). Figure 2 shows a skewness in
the distribution ofo® as do Figures 4 and 5 which display the marginal posterior
distributions of the switching components and u,. Moreover, the effect of
truncating the Gaussian distribution appears to the left in Figure 4 and to the right
in Figure 5. The marginal posterior distributiongpandq are given in Figures 6

and 7 and they also show skewness in their distributions.

17



A Switching Structural Model
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Figure 3 - Marginal Posterior Distribution lgf
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Figure 8 shows the observatiopgdark colour) and the estimated state vectors,
which represent the levdls (light colour). Notice that the levé&lclosely follows

the observed data series, which is a main feature of a structural model.
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Once the model is estimated, the parameters are used to forecast for 2 years ahead
or 8 quarters up to the fourth quarter 1986. Rao-Blackwellised estimates are used
to compute the mean and variance of the predictive values. The forecast
distributions for all horizons are illustrated in Figure 9. These show how both the
mean and the variance increase when the horizon increases. These distributions,

which are a mixture of Gaussian distributions, appear symmetric.

Forecast Distributions

2.5 —H1
2 —H2
15 - H3
1 \\ H4
0.5 - —HS
0 L LA N NS —H6
M O D O A ok o D S |
N S S U U U L U A P

Figure 9 - Marginal posterior distribution of the forecasts up to 8 horizons.

Table 2 shows these predictions (Mean) along with the standard error of the
corresponding posterior distributions (Std), 90% HPD intervals (L90% and

U90%) and 95% HPD intervals (L95% and U95%) where HPD means highest
posterior density. They are also illustrated in Figure 10 with the 90% and 95%
HPDs.

Data Mean Std L95% L90% U90% U 95%
H1 | 817.39 | 817.38 0.89 815.59 81586  818.70 818.96
H2 | 817.96 | 818.15 1.36 815.44 81585  820.23 820.65
H3 | 818.97 | 818.91 1.71 815.51] 816.04  821.55 822.08
H4 | 819.49 | 819.65 2.01 815.69 816.31  822.76 823.38
H5 | 820.41 | 820.39 2.27 815.94  816.64  823.91 824.60
H6 | 820.56 | 821.12 2.51 816.24  817.00  825.40 825.77
H7 | 821.24 | 821.85 2.73 816.57  817.40  826.47 826.90
H8 | 821.56 | 822.58 2.93 816.92 817.81  827.1 828.00

Table 2 - Observations and estimates - SSM
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Figure 10 - Observations, estimates and 90% and 95% interval estimates

The forecasted values are well inside the HPD intervals which give an indication
about the usefulness of this model in forecasting. Furthermore the one step

forecasts are given in Table 3 and Figure 11.

Data | Estimate
Q1-1985 | 817.39 817.38
Q2-1985 | 817.96 818.17
Q3-1985 | 818.97 818.67
Q4-1985 | 819.49 819.73
Q1-1986 | 820.41 820.15
Q2-1986 | 820.56 821.14
Q3-1986 | 821.24 821.16
Q4-1986 | 821.56 821.94

Table 3: Observations and one step ahead estimates
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Figure 11: Observations and one step ahead estimates

The SSM model is not only used to estimate the population parameters and to
forecast the values in the coming horizons, but it encompasses the estimation of
the switching regime. In the case of GNP, the two regimes represent the

expansion ¢=1) and recessiors£0) of the business cycle. Figure 12 shows the

marginal filtered probabilityP(s=0[Yyn). The straight lines represent the trough
and the peak times according to NBER.
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Figure 12 P(s=01Y;.1).

5. Stability of the SSM Model

One concern raised in the switching regime literature is model stability. That is,

what are the consequences of applying a model to a shortened or lengthened
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series? In particular, if the estimates of the switching probabilR{es-0|Yy)
change greatly for a different sample size, then the model (or possibly the
estimation method) is thought to be unstable. Hamilton's model has been criticised
by many researchers for its instability, for example, Boldin (1996) observed a
breakdown of the Hamilton model for data, which includes the end of World War

Il and the Korean Warr.

Also, Kim and Nelson (1999) found that Hamilton's model fails to provide
reasonable inferences on the probabilities of a recession or a boom when the data
set is extended until 1992 by using GDP. To correct for this, they added a dummy
variable from 1983 to account for a structural break in the growth rate. This idea
is in line with the structural models including the SSM, which allows for
"structural breaks" at each through a change in the levél In another
application, by estimating Hamilton generalised model, Lam (1990) in using
maximum likelihood approach and Kim (1994) in using state space forms and
Kalman filter approach failed to capture all seven recession periods mentioned by
the NBER. The model captures only five recession periods and the low growth
phases were shorter than those of NBER recessions.

As a benchmark for the switching regime literature, Hamilton's model (1989) is
applied to four different sets of GNP and estimated by a maximum likelihood
estimation procedure. The first is the original set from 1951 to 1984 and the three
others are extended sets from the original set backwards and forwards in time.
Consequently, the second set runs from 1951 to 1986, the third set runs from 1947
to 1984 and the fourth set runs from 1947 to 1986. In addition, The same data sets
have been analysed as SSM models and estimated by the Bayesian procedure

proposed in this paper.
The results are shown in Figure 13 where the panels at left show Hamilton's

model and the panels at right show SSM model. Note that there appears to be little

difference between the two columns in the first row, as they both capture the
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behaviour of the business cycle almost identically to the dates set by the NBER.
Nevertheless, differences appear in the subsequent rows, as the recession
estimates given by the Hamilton model does not persist in other data sets. One of
the reasons for such instability may be owed to the computational difficulty of
maximising numerically an often ill-behaved likelihood surface with respect to a
large number of unknown parameters (Hamilton, 1990). In contrast to this
instability in Hamilton model, the SSM appears to behave well and captures the

switching process in each of the GNP data set considered here.

Another way to compare different models is to evaluate the probability estimates.
This can be done by many procedures. Here the two well known measures that are
described in Diebold and Rudebush (1989) are used. The first is the quadratic
probability score (QPS) defined by Brier (1950) and given by the following

1 N
QPS=-5% 2(Pec= P’ (53)
t=1

wherepg; is the estimated value of the probability at tin@adp,; is the observed
value. Like the usual mean squared error measure, the QPS provides a similar
measure: a lower QPS implies that the prediction is more accurate. The other

common measure is the log probability score (LPS), which is defined by
1 N
LPS=—1 > [Pardn P+ (1= py)In(1- )l (54)
t=1

Like QPS, a lower LPS implies that the prediction is more accurate. However,
LPS penalises large mistakes more heavily than QPS, and while QPS is bounded
by 0 and 2 0 < QPS< 2), LPS has no upper bound € LPS<[).

To compare Hamilton's model and the SSM, the QPS and LPS measures are used.
The observed data used are the dates set by the NBER as contraction and
expansion periods. Table 4 shows the results obtained for the different sets of
data. Hamilton's model performs slightly better than the SSM on the original set
(1951-1984) in both the QPR and LPS measures but is outclassed on the other

three sets which is consistent with the results in Figure 13.
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Data Set
51-84 | 51-86| 47-84) 47-86
QPS | Hamilton | 0.103| 0.167] 0.293 0.272
SSM 0.119| 0.109] 0.229 0.152
LPS | Hamilton | 0.177| 0.274] 0.558 0.51
SSM 0.213| 0.187] 0.390 0.289

)

Table 4: Probability Scores

6. Conclusion

In this paper, a switching structural model is proposed and the Bayesian analysis
developed in Forbes, Snyder and Shami (2000) of linear state space model is
extended to incorporate the switching part of the growth component. The
algorithm, based on Gibbs sampler, uses a mixture of filtering and smoothing and
Monte Carlo composition. Subsequently, the marginal distributions of the

parameters and the forecast distributions are obtained.

The advantages of this approach include production of exact, small sample
prediction distributions that are computed very quickly via Monte Carlo
composition. The SSM was applied on quarterly US GNP data by defining the
expansion and recession phases of the business cycle as the two switching states

and its stability was also checked using other data time periods.

The promising results of the SSM support different variations to it. One extension
is to look at the case where the switching parameterand (1, follow a random

walk similar to Luginbuhl and De Vos (1999) using an SSOE framework. Another

extension to the SSM would be to explore the case where the transition
probabilities are not constant, but are modelled instead as probabilities linked to

different input data such as a leading indicator.
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