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ABSTRACT

The resporse of consumer demand to prices, income, and caher
characteristics is important for a range of pdicy iswues. Naturdly, the
level of detail for which consumer behaviour can be estimated depends on
the level of disaggregation d the available data. However, it is often the
case that the avallable data is differently aggregated in dfferent time
periods, with the information avail able in later time periods usually being
more detail ed. The gplied researcher is thus faced with choosing between
detail, in which case the more highly aggregated data is ignored; or
duration, in which case the data must be aggregated up to the “lowest
common denominator”. Furthermore, since parametric demand systems
invariably involve a large number of parameters, with the number
increasing at least linealy with the number of expenditure cdegories, it
may well be that only the second opionisfeasible. That is, thereis smply
not enough data available a the finer aggregation level for the chosen
model to be estimated.

This paper develops an EM algorithm for the estimation d a @nsumer
demand system invalving variably aggregated data. The methoddogy is
based on the observation that more highly aggregated data does in fad
contain information on the finer subcaegories. It is therefore possble,
under certain simplifying assumptions, to derive the distribution d the
unolserved fine-level expenditures condtiona on the observed bu more
highly aggregated data. The expedation d the log-likelihoodis then taken
with resped to this condtiona distribution. Under the assumption o
multivariate normality both these steps can be performed analyticdly,
resulting in an EM criterion that can be maximised iteratively at
comparatively little wst. The tedhnique is applied to an ABS dataset
containing historical information relating to private final consumption
expenditures on upto 18commodities.

KEYwoRDS: EM Algorithm, Singular demand systems, Linea expenditure
system, Missng data.

JEL clasdficaion: C32,C51,D12,E21



1. Introduction.

Grose and McLaren (1999 considered the problem of estimating a consumer demand
system in asituationin which datais not avail able onal commodity caegoriesin all
time periods. Such a situation can arise quite routingly, sinceit iscommon padice to
colled, or at least pulish, consumption expenditure and price datafor more highly
disaggregated commodity sets over time, with the result that datais avail able &
differing levels of disaggregationin dfferent time periods. For example, expenditure
datamay initially be wlleded for categories “Food”, “Durables’ and “ Other”; where
“Other” islater split into “ Other goods” and “Other services’. It is evident, however,
that not only does the expenditure on “Other” equal the sum of expenditures on
“Other goods’ and “ Other services’; but that the expected expenditure on “ Other”
also equals the sum of expeded comporent expenditures. Furthermore, if an additive
stochastic comporent is assumed, then this aso obeysasimilar “summing” rule. In
other words, the specificaion d an econamic and statistica model for the most
disaggregated data naturally implies a amrrespondng model applying to the data &
any level of aggregation.

A known form of aggregation thus implies an “aggregated” model, in which the
observed expenditure shares are expressed in terms of the model for the complete
system. The conventional assumption d additive, namally distributed dsturbances
then al ows the straightforward derivation d the likelihoodfunctionimplied by
differing degrees of commodity disaggregation®. Nonetheless straightforward
derivation d the likelihoodfunction daes not necessarily equate with straightforward
estimation. It turns out that it isnolonger posdble to “concentrate” the likelihood,
leaving al the model parameters, including the %n(n +1) parameters of the
covariance matrix, to be estimated numerically. The result isan ogtimization problem
foundby Grose and McLaren to be infeasible for any redi stic sample size.

! The “aggregated” likelihoodis reviewed in more detail in Sedion 2.



The strategy considered in Grose and McLaren (1999 (heredter GM) was to reduce
the dimension d the optimization problem by resorting to a reduced-order
parameterization d the covariance matrix. This paper considers, instea, a “data
augmentation” approad, in which the EM algorithm is used to iteratively maximize
the aggregated likelihood,withou the need to restrictively reparameterize the model

covariance structure.

2. The “aggregated” likelihood.

Consider the standard time series pedficaion d an N-commodity demand system, in
which the t" observation onthe N-vedor of expenditure sharesismodelled as a
function d the N-vector of prices p, , income (assumed equal to total expenditure) in
the t" period m,, ak-vedor of parameters 6, and an additive, serially independent, zero
mean dsturbance with constant N x N positi ve-semidefinite variance-covariance
matrix £ of rankn=N— 1.That is,

W, =90'(p;,m,0)+T,; T, ~(0,%), (2.1)

where 9 (p;,m,0) isthe N-vedor of expeded expenditure shares, condtional on
prices andincome, for given 62. The “full rank” system, involving n of the N
caegories, isthen written as

w; =97 (B;,m,0)+u;; u, ~(0,5); (22)

where we a@sime, without lossof generdlity, that w, = JW, , where J = [I, i 0].u,
and 9 are defined analogously. e

The further assumptionthat u, is rially independent and dstributed n-variate

normal® then implies the wnventional 1og-li kelihood'

2 Quantities pertaining to the mwmplete T x N system will beindicated by a“~" over the symbal for the
corresponding “full rank” quantity.

% The multivariate normal (MVN) assumption is quite standard, even after the transformation to
expenditure share form. Other possbiliti es that take the bounds on the expenditure share disturbance
into acount are naturally rather lesstradable. See for instance, Fry, Fry and McLaren (1996.

4 Constants will generally be ignored when writing down likelihood functions.



£(6,%) =—%In|2| - %tr(z*U'U), (2.3

where U=w- W(TEN, m,6) (2.4)
isthe T x n matrix of disturbances, W isthe T x n matrix of observed expenditure
shares, and (listhe T x n matrix of expeded expenditure shares, condtiona onthe
T x N matrix of prices P, the T x 1 vedor of total expenditures m, and the vector of
“mean” parameters, 0.

Suppcse now that the datais divided according to the differing degrees of expenditure
caegory aggregationin ead of S> 1 subperiods “/,,...,“/5. With adlight changein
notation, let the N-vedor of complete, bu possbly partialy unobserved, expenditure
shares® be now denated by X, let W denote the vector of observed, but more highly
aggregated, expenditure shares, and ndethat w, isnaturally alinea combination o
the dements of X, . It therefore follows (seeGM for detail ) that, after seledinga
category common to all subperiods for omisson, we have, for the r'™ subperiod 7;, r =
1,....S thefull-rank “aggregated” model

wi =xA, =1(F,m.0)A; +WAT; Au, ~NOA A,

where %(mdenoteﬁ the expedation d the complete N-commodity expenditure set X ,
x =JX istheunderlying n-vedor of expenditure shares after exclusion d the
common commodity, w = A X isthe n.-vedor of expenditure shares actually
observed in the r™ subperiod (except for the excluded common commodity), and A, is
the n, x n full row rank “aggregation matrix” taking x into w. Assuming T, such
observations then yields the r'" subperiod log-li keli hood

¢ :—12f|n|zr| - %tr(Z;lu;Ur), (2.5)

r

where 2, =AZA],

n, xn,

® 1t will be mnvenient, in the following, to trea expenditures and expenditure shares interchangeably,
assuming throughout that likelihood (2.3) is appropriate in either case. The adual choice of endogenous



U =W, -9(P.,m ,0)A!, (2.6)
Txn T, TXN Tl nxny
W, and U, arethe T, x n, matrices of observed expenditure shares and their
disturbances for the ™ subperiod, and 27(P.,m_ ,0) = 9. (6) isthe T, x n matrix of
expeded expenditure shares, condtional onthe T, x N matrix of prices® P, , the T, x 1
vedor of total expenditures m,, and the k-vector of mean parameters 6. The
“aggregated” 1og-likelihoodfoll ows:

S 18 18 _
z(e,z):;gr = —Erz:lTrln|ArZA;| - Erz:ltr(u;ur(ArZA;) N, (27

Now, in the cae of likelihood(2.3) thereis awell-known closed-form expresson for
the MLE of Z; namely S =T'U'U. The FOC for £ in likeli hood(2.7), onthe other
hand, has no such closed form solution; and hence thereis no “aggregated” analogue
of the usual profil e likelihoodthat might be feasibly maximized with resped to 6.
Grose and McLaren dealt with this problem by reparameterizing X as per De Boer and
Harkema (1986), resulting in afeasible estimation procedure & the price of a
somewhat restrictive @variance structure. We now consider amethod d maximizing
(2.7) asit stands.

3. “Modelling” the missing data: the EM algorithm.

We ae avarethat, if expenditure data were observed for all commodity caegoriesin
all time periods, then the covariance matrix can be cncentrated ou of the log-
likelihood.Thisresultsin an estimation problem that, whil e still i nfeasible for “small”
sample sizes (such as, it must be noted, the 18 category, 27 annual observations
example of Grose and McLaren (1999), is practicd in larger samples, such as those
that become avail able if we ae willi ng to use quarterly data. In ather words, if we had

a oomplete expenditure set, spanning an adequate timeframe, our model could be

variable makes no dfferenceto the present argument, and thus may as well be reserved for the model-
spedficaion stage.

® Note that it is assumed that, although expenditure datais not available for all N commoditiesin all
time periods, pricedatais.



estimated withou imposing assumptions onthe aosscommodity covariance matrix.
The main problem with the estimation d such amodel when some of the expenditure
data ae misgng is dueto ou inabili ty to “remove’ the wvariance matrix from the
consequent, more complex, likelihood.

This suggests an alternative strategy based onthe ideaof data augmentation and the
expedation-maximization (EM) algorithm. Briefly, thisinvalves using the chosen
model to simulate, or impute values to, the missng expenditure shares, condtiona on
given values of the parameters 8 and Z, and the data actually observed. This
“completes’ the expenditure dataset, enabling maximization d the likelihood,
condtiona ontheimputed data. The log-likelihoodfunction d the parameters given
the observed datais then just the expedation d the “augmented” log-likelihood,taken
with resped to the andtiona density of the missng data; and can therefore be
estimated by averaging over multiple such imputed datasets.

Let us dencte the mmplete (but only partially observed) expenditure set by X. W will
denote the observed expenditure data, and Z the unolserved remainder. That is,

X =(W, Z)=(observed, missing).
Also let w=(8, %) denote the cmplete set of unknavn parameters.

Obvioudly, the “complete” log-likelihood ¢(w |X) isas per (2.3) for amodd of the
form (2.2) with MVN errors; that is,

#(w|X) = const —%|n|z| —%tr(U(O)Z‘M'(O)); (3.1)

where U(B) = X —97(8), and expeded expenditure 9(6) is assumed knavn® for
given 6. We nate that, in our missng data mntext, E(w|X) invalves not only the

" SeeGrose and McLaren (1999, §3.1.

8 trictly speaking, 24(6) is the expeded expenditure condtiona on the observed values of any
explanatory variables (such as price, and total expenditure). This conditioning isthusimplicit in (3.1);
alowing usto evade, in the usual manner, the regression asped of the model. It is not made explicit for
reasons of notational convenience and clarity. We note, however, that the requirement that the
expedation of X be known except for 6 doesimply that the ammplete T x N matrix of prices and the T-
vedor of total expenditures must be avail able.



unknownvn parameters 6 and Z, bu also the unknavn data Z; and thus could nad in
general be maximized consistently with resped to Z even if this were thought
desirable.

Acoordingly, let Q(w,w”) denate the expeded log-likelihood d the parameters w;
with the expedation taken with respect to the missng data Z, condtional onthe
observed data W, andsome given w . That is,

Q(w,w) = EZlW’wM(MX)) = Jﬁ(w|X)CP(Z|W,wD)dZ ; (3.2)

where “P(.)" denotes a probabili ty density function,and P(Z|W,w") isthe density
of Z condtiona onW and w .

Now, assuming some pre-spedfied w”, Q(w,w") can (in principle) be maximized
with resped to w, yielding a “first approximation” & ; which can then be used to
refine the condtional density of Z. A new expedation Q(w,®) and a new
maximizing & follow. In summary, beginning with some plausible starting value
®?, theiterative EM scheme is based onthe mnstruction, and subsequent
maximization, d Q(w,®") with resped to w, yielding the next iterate @', the
correspondng maximum Q(&"*?,&") , anda “new” criterion Q(w,®"™).

It can be shown® that Q(O™,d") = Q&M , &™) implies ¢(O W) = ¢(OV|W);
that is, the scheme results in anon-deaeasing sequence of log-likelihood \alues; and
that, subjed to certain regularity condtions, this ssquence converges to a maximum
of the likelihoodfunction. Hence the EM a gorithm (eventually) maximizes (or at
least finds a maximum of) the observed log-likelihood.

The aqucia point hereisthat it be pasgble to maximize Q(w,w") , whereit isnot
passble (or is very difficult) to maximize ¢(w|W) diredly. The latter, aswe noted in
82, isthe situation with regard to ou “aggregated” log-likelihoodif we do nd wish to
reparameterize 3, because we caana concentrate 3 out of the likelihood.Equally,
however, maximization d the expeded log-likelihoodwill it self be feasible only if it
turns out to be posshble to concentrate 2 out of Q(w,w™) . On this point observe, for

® SeeDempster, Laird and Rubin (1977) for the proofs of these resultsin a general setting. A somewhat
more accesible summary can be found in McLadlan and Krishnan (1997).



later reference, that for acriterion of the form (3.1) the n x n matrix of scores with
resped to the dementsof X is

9 sagu-Trs® - 1p

o3 2 sHyu-Tsis? ; (3'3)

where Dqg denates the diagonal matrix with norzero elements st equal to the diagonal
elements of Q. The wrrespondng first order condtion (FOC) for X isthus

UU-T= = 0. (3.4)

3.1 The conditional density of the missing d ata

Suppcee, for any periodt, the complete expenditure model iswritten

X |~ N(11,(6) , ); (35)

nx1

where, inthe r'" subperiod, oy w, =A_x, , n. <n, isobserved.

n, x1 nx1

For convenience dropping the time subscript, partition the n-vedor x as

X:[Xl)mxl _ N[[Ul(e)]’{zn le:D ,
Xy )<l Ho(0) )12, Zy

where the commoditi es are ordered such that the m =(n—-n,) -vedor x, equalsthe
unknovn, a “missng’, expenditure set z. The remainder x,, though na directly
observed, could be determined from knowledge of x, andw. The rth subperiod

transformation from x to (z, w),



istherefore defined by z=x, =J,x and w = A x; where J, denotes the m, x n matrix

[Imr 0] . We thus have

z NE
[ j:Brx,whereBr:[ }
w A,
Q Q
[Zj _ N(BrH'BrZB;) = N[[Ul)’[ 11 12:|)’
w U2 Q21 §222

with v, =J,u=y,;, v, =An, Q,, =323, =%,,,Q,,=J,ZA],and

implying

Q,,=A ZA; =% . Thestandard result regarding the condtional distribution d a

subvedor of normal variates then instantly yields
Z|W'w - N(U1+leQ£(W_U2)7 Q11_91205921) '

where (Qll—leQ;;QZl)_l =(Q™),, isthetop-left m x m partition d
Q'=B"3"B. Hence for t O,

z,|w,w ~ N(uztlwl,zzlw), (3.6)

where p,,, =J. 1, +J ZA; (A ZA;) (W, —A 1) isthe ondtiond mean of z,, the
m x m matrix %, =J,2J; +J ZA (A, ZA;)™"A 2] isitscondtional variance
and, for the model of 82 p, =7(p;,m,6) . The density of the T, x m matrix of
misgng data Z,, condtional onthe T, x n, matrix of observed dataW, and w= (6, %),
then foll ows:

P, W09 = [] P2 o )

= (211)‘”‘T'/2| st

zlw

T /2 1 -1
eXpy——= (Zt_p‘zvv )Izzw(zt_p‘zw )}
{ Zt; (w ¢ | ¢

T2 exp{—%tr{(zr _%zr|wr) z;hl/v(zr _gﬂZrIWr ),}}

= (211)‘”‘T'/2| )2y

zlw

where 97, |, isthe T, x m matrix with t" row equal to MY, -



3.2 MCEM

Simulation d the misgng datain ead subperiod is thus quite straightforward for
gvenW,,r=1,...Sandw = (0, 2). Having obtained an imputed Z, (dencted Z"
to empheasize its dependence on w'), the augmented T, x n expenditure set for t 07,
X7, then follows via the reverse transform

Z '
xt:B'{ t) 0 X/'=[z] w,|B*,r=1,..5s
Wt

r r
Trxn Trxm‘ Tanr

Finally, combining X7, ..., X3 yieldsthe correspondng “redisation”, X", of the
complete T x n expenditure set.

The expeded log-likelihood Q(w,w”) can now be estimated by the average log-
likelihood,taken over M such independently redi sed augmented datasets X;,..., X}, ,

Q(w,w’) = Zﬁ(wlx?) ;

1
M
leading to the Monte-Carlo EM (MCEM) agorithm as foll ows.

Fori=0,1,2,...,somestater & =(6®,5®), and prespedfied tolerance :

(1) Draw Z,,,Z,,,....2, 9 P |W,,O") for each subperiodr =1,2,...S

(2 Combirez,,,2,,,...,Z,, withW, to generate X,,,X,,,..., X, , and henceM
redizations of the aigmented expenditure data, X}, X5,..., X", .

(3)  Maximizethe averagelog-likelihood Q (w,®") with resped to w, so
obtaining &Y.

(4 Reped (1) - (3) urtil |Q(&",0") - Q(&",&")|<¢.
Notice however, that

0Q(w,w") _ 1 & d(w|X})
)3 M le )



where ﬁ(w|XjD) isas per (3.1). Therequired derivativeis thus of the form (3.3), with
U replaced by U; = X' - 9%(6), implying

Q@) _ 1 Ly, -t
o Z Yy TR S Dy e
=s 8" -Tz}z™ —%Dz sz
where §D:%%U;Uj '

Thus 9Q(®@.¢)

35 =0 yields 5= §%.; implying the “concentrated” criterion

Q(e,wﬂ):ﬁza(mx?) :const—%ln|§ﬂ(e)|. (3.7)

Consequently, Step (3), which we recdl in ou context islikely to beinfeasible, would
now be replaced by maximization o Q_(6,&") (or, equivalently, minimisation o
In|§D(e)|)With resped to 6, yielding Y, SV and rence £¢*Y .

4. EM: performing the E-step analytically.

MCEM isthusfeasible, becaiseit all ows us to concentrate = out of the aiterion, and
relatively simple to implement. However, it is, asit happens, extremely time-
consuming, due to the very large'® number of imputation draws needed in the MC
expedation stage to achieve amnvergence with an acceptable degreeof precision. We
would clealy prefer an analytic expressonfor the expeded log-likelihood.

We acordingly require aclosed form solutionfor (3.2), where E(oo|X) isgiven by
(3.1), and

CP(Z|W,w):|E|CP(Zr|Wr,w).

10



4.1 “Vectorizing” the conditional density

To rewrite the condtional density in aform more suited to ou purpose, let us define

the “vecr” operator'!, and the acompanying notation:

u 2vecr(U) = vec(U");
nTx1

so that tr(UZ'U’)=y'[1; 0|y . Similarly defining x = vecr(X) and
K, (6) = vecr(9¥(0)) ; so that u = x — I, (6) , then implies the “complete” model

P(x |w) = (2m) " |z|’T/2 exp{—%(gg 1) (1:OZ7)(x - Ex(e))}. (4.1)

We further define

W y4
~ vecr(W,) nmx 2 vecr(Z,) \ mmx

D= ; and z=| : |= ;
W vecr(Wy) Jngtext Zg vecr(Z ) Jmetext

1=
I

so that the division d X into “observed” and “missng’ (W, Z) isequivalent to the
transformation

S
rz:“lmTr x1

(4.2)

21X

N .
1 w 0T x1

Transformation (4.2) is necessarily accompli shed in two stages. The first of theseis
“aggregation’; that is,

1911 the model under consideration at least 10* imputation draws in ead iteration were needed to
adhieve an adequately acarrate M C expedation.

! The “observation-by-observation” operator “vea” is here preferred to the more mwmmonly employed
“vec” ssit allows usto extrapolate eaily from any given subperiod r to the complete sample.

11



where B =
nTxnT

B x yieldsanT-vedor x* comprised explicitly of the “observed” and “missng” datg;
but still co-mingled together, as we see below. The semndstage, from x* to x',
therefore requires a permutation operation, in which the missng datais moved to the

“top” of the vector. Thisis accomplished by the operation

- P \EmT xn
Where P - [fz)r;lm'r T ’
nTxnT PW rz:“lanr xnT
1.0, 0
5, = ,
0 .0 Jg
1,073, 0
and P, = :
0 1,03,

inwhich J, and J, denatethemy x nandn, x n“seledion matrices” J, :[Im 0]
and J, :[O In,]’ respectively, r =1,....S

It can be cnfirmed, by dired computation, that x' = Px* = PB x doesindeed equal

(z w)'. Thatis, with x = veor(X), x* = Bx,and x" =Px*, we have

12



Zl my x1
Xy nx1 Z m;x1 ZT1 myx1
W, nx1 ZT1+1 m, x1
X-l—1 nx1 Z-l—1 m x1 ZT1+T2 m, x1
WTl n x1
XT1+1 nx1 Z-l—1+l m, x1 Zl+Z,S‘1T, mg x1
W |nexd :
: Z mgx1
_ _ _ T
X = Xt = , and X' =
Xy, ™2 T+T,  |M W,y nyx1
T+, |t
. T n x1
Xjpssap |™t 2 ssap |2 T+ |t
Wl+z,5‘1Tr nsx1
WT1+T2 npx1
ZT mgx1
Xt nx1 W ngx1 W1+er_1_|_r ngx1
W, ngx1

Now, P isclealy nT x nT orthagonal, implying | P| = 1. Furthermore, it is generally

possbleto arder our commodities ©that A, =[L, 1, ] O r=1..,SwithL,ann,

x my matrix of ones and zeros. It therefore foll ows that

B—Imf 0 B'= 'm0 d|B |=1
Tl T T B =1,

=PBx istherefore smply

IN

implying | B| =1 also. The density of x' £ "

PocIo) = (20 7] expl =200 - WOV B - W)},

13

(4.3)



with mean

and variance

The @ndtional pdf of the missng data, CP(Z|W,oo) , iIsnow just

“aﬁ~§z—&mwﬁﬂgz—&w}w4®

Pzlwe) =@ % (G,

where M= K@) =1L,(8) +Q,, Q0 (W —11,(6)) (4.5)

isthe condtional mean o z given w and w=(6,2), and
~ ~ ~ ~ . ~ -1
Q) =(Q,- Q. % Q)
isits condtiond variance

On the mmputational side, since P =P’ it foll ows that

PB[I,0Z7]B7P

Q'l= |5§"1[ 1,0 z'l]§'1|5' e

implying
The latter smplifies, on mrtitioning B;* as[L; J;] with L, :[Imr —L;] , asthe
block-diagonal matrix
I, OL,=7;
' . (4.6)

@), = e
0 I, O ™Ly

14



Similarly, substituting y, =P,By, = Py, and u, =P,By, into(4.5)and
exploiting the usua partition o B, (see83.1) yields

Wy, = D(Z) W (8) + G(Z)w;

where
1. 0 J,ZA (A ZAD™ 0
G(z) = :
0 I 0 JZAS(AZAL)™

and

1. 0(3,- J,ZA(AZA)TA)) 0
D(Z) = .

0 I+, 0(Js = JZAL(AZAL) 7A)

4.2 E-step: the expected log-likelihood

We ae now in apasition to establi sh the foll owing closed-form solution for Q (w,w).

ProPOSITION 1. Let X7 denote the “mean-augmented” expenditure set

Mo
Xa =X (@) = 7 |,
w

where M = My (@) =D(Z) (69 + G(=)w.

Alsolet uy denote the vedor of “augmented residuals’

uy = (PB)™(xg - 1)) =(PB) X3 - 1,(6),

andlet U(6) denotethe T x nmatrix constructed such that vecr (U”) =u .

15



Finally, let U”U”=s"(8) and L'(L,="'L})"L, = V,”. Thenthe EM criterion for

the problem at handis

Q(w, W) = —£|n|z| - %tr{Z"%D(e)}; 4.7)
where S46) = S8) + i‘l’rVF.

Proof of the propasition requires the following preliminary Lemma.

z
LEMMA 1. Let x denate an n-vector of independent variables partitioned as [wj

wherezismx 1, m<n. Let the n-vedor a and the n x n symmetric matrix A be

a A A
partitioned comformably; ie; a = [azj’ and A :[A “ AM} . Then, for b an m-

W wz ww

vedor of constants, and matrix B m x m symmetric positive definite:

_["'_[(X —a)'A(x—-a)e “PBED2gz g7
= (2m"?|B|*{tr(A,B?)+(b"-a) A(b - a)};

b
where bD=£ j
w

PROOF OF LEMMA 1: The result proceeds directly from Graybill (1983, p. 342Thm.
10.5.7), onrewriting the quadratic formsinvolved as

(x-a)'A(x-a)=(z-a,)'A(z-a,)+2(z-a,)'A,,(W-a,)
+(w-a,)'A,,(w-a,)
=7ZA,z +2z{A,, (w-a,)-A,a,}
+ {alA A

Z zz

-2aA,, (W-a,) +(W-a,)'A,, (w-a,)}

4

and (z-b)'B(z-b)/2 = ;ZBz-7Bb+,b'Bb.
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PROOF OF PROPOSITION 1.
In the notation d 84.1the EM criterion Q(w, ) isnow

Qw, o) 2 [Hw|x)P(z|w, w)dz,

with /(w[x") =InP(x|w) . This becomes, onsubstituting (4.4) and (4.3),

sz'r
Q(w,uwf) =c - —In|Z| - (Zn)

@)

,and

zz

with c= —nTIn(2T[)/2 ( _l)D = (5_1)zzwz

I, 6) = [ (- ) Q7 —g;)exp{—%(z— M) (Q7) (2~ uJW)}d
Applying Lemmalto Y(w, ) thenyields

(2n)_;§m @

%ﬂ(w, W) = tr{(ﬁ"l)zz (ﬁ-l)ﬂl} + (- 1) QG- 1)

7z

where the quadratic form simplifies as

OG- ul) Q7 (xE - ) =<5 - i)' (PB) (1, OZ)(PB) (x5 - W)

u(1; OZ7™)uy

=tr(z7U"U").
Furthermore, (ﬁ'l)zz is block-diagonal, with typical block I OL Z™L", sothat

of(@), @ ] = Yot T Ty,

=1

Thus we finaly have (ignoring the mnstant)
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Q) = ~Tinfs] - Lu(zu7u?) - L3 Tu(x T C )T ).
! 2 2 2 L r A r ;

Colleding the trace terms then establi shes the Propasition.

4.3 M-step: the concentrated expected log-likelihood

It isevident, from (4.7), that Q(w, w”) takesthe familiar form of a Gaussan “log-
likelihood'. The FOC for Z will, acardingly, be of the form (3.4), implying

> =T7'S%0).
Hencewe can, as before, construct a concentrated expeded log-li kelihood

Q.(6,0) = —%|n| 50)), 48)

requiring maximization with resped to 8 only. We now have the EM agorithm for the
maximization d the observed log-likelihoodin a variably-aggregated demand system
as smply:

Fori=0,1,2,...,some starting value &© = (8®,5®), and prespecified tolerancee :
(1) Compute “5|w((1)(i)) ,and rence x{ = x, (O").
(2) Conrstruct u{’(8) =u,(8,0"), S”(8) = S(6, ") and rence Q,(8, »").

(3) Maximize Q.(6,»") with respect to 8, so obtaining 67*?, (8¢, &), and
hence &9 = TS50+, &) .

(4) Repea (1) - (3) until |Q,(&'™,&") - Q,(&",&") <¢.

18



4.4 Practical issues

4.4.1 No missing data in the final subperiod

A few pradical isaues now arise. To begin with, ndicethat, in contrast to the
treament of GM, thereis no explicit need, in ou EM setup, for a cmplete set of
expenditure data to exist in ore of the subperiods. The only obvious limit onthe
number of expenditure cdegories that could be “modelled” in thisway isthe

avail abili ty of the correspondng pricedata. In pradice, as one might exped, thereisa
limit onthe amount of datawhich can be said to be “missng’, in this case imposed by
the dfed onthe rate of convergenceof increasing the propation d “missng” to
“observed”.

Typically, however, the observed expenditures will be held to be “complete” for one
of the subperiods, generally thelast; in which case ng=n, m; =0, B; =1, the
lower-right submatrix of P, reducesto the nTg x nTg identity matrix, while the
correspondng rows of P,, and subsequent matrices sichas D and G, disappear
entirely. Thus, for the 3-subperiod example of 85 foll owing we will have

~ - 0O0J 0 0
5| s

==l o 1,00, o]
1,03, 0 0
and P=| O 1,03, 0
0 |

4.4.2 Standard errors

We now turn to the matter of obtaining appropriate standard errors at the end d the
EM estimation. It can be shown (seeTanner (1993, p.47) that the “observed”

Hesdan,

9%0(w|W)

H(w|W) = P
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isthe sum of the expeded augmented Hesgan and the variance of the augmented

SCore; ie,

H(w|W) = EZ|W,w{H(w|X)} + VZ|W,w{q(w|X)}
_ 0°Q(w, w")

09w’ + EZ|W,m{CI(00|X)C1(0\)|X)'} :

w=uH
so that the Hesgan matrix naturally returned at the end d the EM estimation reed
only be “adjusted” by the expedation, taken with resped to P(Z|W,®), of the outer
product of the score, also evaluated at G. Thelatter, in ou case, is most simply
“estimated” by the MC method dscussed in 83.2. That is, we generate, with w= &,
M augmented expenditure sets X;, compute the crrespondng q(w|X;)g(w|X;)", and
obtain the average of the latter. g(w|X) would in this case be given by Grose and
McLaren (1999 equations (2.4) and (A.1).

Alternatively, sincewe in fact already have afunctional form for #(w|W) (equation
(2.7)), the observed Hessan H(w|W) could (in theory) be obtained dredly, either
by differentiation (analytic or numeric) of the analytic observed score g(w|W)*2 or

by simply computing the numeric second derivatives of /(w|W).

4.4.3 Choice of demand system for estimation

A final practicd isaueinvaves the feasibili ty of estimating any given demand system
with the avail able data, even after augmentation. In short, for the dgorithm to be
feasible it must be pasgble to maximize the full N-commodity likelihood wsing the
augmented dataset. In our case, with upto 18commoditi es, this means that we must
restrict our attention to either the extremely parsimonious LES, or to models, such as
lineaized AIDS, that can be estimated by iterative GLS (see Grose and McLaren
(2000). It must be noted, hawever, that the latter is already afairly computer
intensive procedure, and itsinsertioninto an EM “loog’ would be time consumingin

the extreme.

12 The derivatives of the “aggregated” log-likelihoodwith resped to = and 8 are givenin GM.
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5. EM estimation of the LES.

The linea expenditure system (LES) was estimated for Grose and McLaren (1999’s
quarterly data with 3 subperiods of differing aggregation. The data ansists of 95
quarterly observations on upto 18expenditure caegories, covering the period
19743 quarter) — 1998(1% quarter). The 1% subperiod (1974(3) — 19853)) comprises
45 quarterly observations on 12expenditure cdegories; the 2™ (19854) — 19893))
involves 16 quarterly observations on 16categories; and the 3 (19894) — 199§1))
invalves 34 quarterly observations on 18caegories. The 12, 16,and 18commodity
setsare sslisted in Grose and McLaren (1999, 84.3. All expendituresarein A$ per
cgpita; prices are measured by the IPD for each expenditure category, and equal unity
in 198990. The “omitted” category in all subperiods was, onceagain, Food.

The LES with “free” covariance matrix was estimated by EM as described abowve,
with the expedation stage performed analytically as per 84, and the maximization
stage performed by numericdly maximizing (using Newton-Raphson) the expeded
log-likelihoodwith respect to 8 = (y,B) after concentrating = out as per §4.3.

An attempt to chedk for a global maximum®* was made by starting the dgorithm at
different starting values. For the first “pass’, the EM algorithm was garted at

y =0, B=T,"Wil;, =W, (the mean expenditure sharesin the final subperiod), and
> =T, 'diag((W, - W,)' (W, - W,)); that is, theinitial < isadiagonal matrix, with
elements st equal to the variance of the arrespondng expenditure share in the fina
subperiod. Results are given in Table 2, with standard errors estimated as per §84.4.2.

For the second asswe started the EM algorithm at the MLE’ s obtained by
maximizing the observed (“aggregated”) log-likelihoodasauming De Boer and
Harkema's covariance matrix as per Grose and McLaren (1999. Whil e the dgorithm
now took slightly longer to converge, and resulted in a slightly small er maximized
log-observed likelihood \alue, the parameter estimates obtained were very similar. By
way of afinal comparison,the dgorithm was repeaed, this time starting at the MLE's
of B ohtained using the “complete” T x N expenditure set recently made avail able by

13 Whileit can be shown that EM will converge to amaximum of the expeded log-likelihood, thisis
not necessarily a global maximum.
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the ABS. The parameter estimates obtained were once again very simil ar to those

obtained from the mean expenditure share starters.

Conclusion

The problem considered hereisthe ML estimation d a consumer demand system in
the situation where nat al expenditures are observed for all commodity categoriesin
all time periods. The magjor problem with the estimation d such a system isthat, while
the likelihoodfunction can be written dovn simply enough, it canna be maximized
diredly because of the %n(n +1) covariance parameters that must now also be
included in the objedive function. It may be worth naing that the complete log-
likelihoodcanna be satisfadorily maximized even with 95 olservations avail able on

all 18 expenditure cdegories, unlessz is concentrated ou.

The strategy considered in this paper takes a “data augmentation” approach to our
unobserved expenditure data. Thisleadsto an EM method,in which we maximize the
expectation of the cmplete log-likelihood,with the expedation taken with resped to
the condtional density of the missng data. This has the alvantage that it effectively
reformul ates the optimization problem such that > can be oncentrated ou; and thus
avoids the nedl to restrictively reparameterize the mvariance matrix. We find that
convergence, while slow, seams quite sure; in contrast to ealier attempts to maximize
the observed log-likelihood drectly. Furthermore, starting the dgorithm at quite
different parameter values did na result in substantially diff erent estimates, giving us
some cnfidence in concluding that the mode obtained is global, and hence the MLE.

The prime disadvantage of the EM approach is the slow rate of convergence, which
would become even slower if the propation d missng datawere increased. This
means that, whil e it may be feasible to estimate amodel such as AIDS, the time taken
for each M-step if we do may make the procedure impradicd for routine goplication.
Finally, EM naturally requires aufficient datato permit conventional maximization at
ead iteration; and so canna be goplied to very small (eg. annual) datasets any more
than can ardinary ML. In ather words, it isworth checking whether the dhasen model

can actually be estimated at the desired level of commodity disaggregation, kefore
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considering the additional complicaion d having some expenditure cdegories
partially unolserved.

On the other hand, if addtiond datais available & a marser level of commodity
aggregation then the EM algorithm presented here may well represent a cnvenient
means of estimating the model for the full commodity set that avoids the need to

resort to amore restrictive respecificaion.
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Table 1. Abbreviations for expenditure categories

Food FOD
Cigarettes and Tobacco CGT
Alcohol and spirits ALC
Clothing andfootwear CFF
Dwelling rent RNT
Purchase of motor vehicles MVP
Household apgiances HAP
Other household durables HDU
Postal andtelecomnunications TEL
Gas, electricity andfuel GEF
Fares FRS
Operation of motor vehicles MVO
Health MED
Entertainment andrecreation REC
Financial services FIN

Other goots OGD
Other services osv
Net expenditure overseas NEO
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Table 2. EM estimation of the LES. Unrestricted covariance matrix; 3
subperiods; 18 expenditure categories; quarterly data

Sarted from y= 0, 3= mean expenditure share.

B Y o’

Expenditure estimate standard estimateT standard estimate
category error error

FOD 0.1191 0.0049 0.2636 0.0108 0.00472
CGT 0.0263 0.0013 0.0135 0.0018 0.00308
ALC 0.0580 0.0036 0.0455 0.0060 0.00736
CFF 0.0845 0.0052 0.0455 0.0073 0.01184
RNT 0.0408 0.0065 0.4765 0.0100 0.02344
MVP 0.0708 0.0085 -0.0039 0.0163 0.00609
HAP 0.0624 0.0030 -0.0089 0.0033 0.00835
HDU 0.0922 0.0046 -0.0320 0.0079 0.01020
TEL 0.0245 0.0011 0.0047 0.0013 0.00228
GEF 0.0075 0.0037 0.0534 0.0065 0.00369
FRS 0.0336 0.0022 0.0257 0.0041 0.00164
MVO 0.0282 0.0021 0.1541 0.0037 0.00147
MED 0.0220 0.0053 0.1545 0.0082 0.01428
REC 0.0178 0.0043 0.1117 0.0072 0.00975
FIN -0.0070 0.0036 0.1009 0.0047 0.01297
OGD 0.1710 0.0045 -0.0616 0.0051 0.01453
osv 0.1879 0.0083 -0.0134 0.0121 0.01842
NEO -0.0396 0.0032 -0.0014 0.0008 0.01665

Initial observed log- Final observed log-
likelihood 24817.26 likelihood 6438.54
Initial expected log- Final expected log-
likelihood 7168.01 likelihood 8199.75
Number of EM iterations 769 Final |8 -8 0.000105
Time to convergence 12.9 minutes Number of observations 95

" For estimation purposes the matrix of priceratios (that is, theratio of price (an index, =1 in 198990)
to total expenditure per capita (in Australian $)) has been scaed up by 10°. Estimates of y are thusin
units of thousands of 1989908%.

*oisthe square roat of the arresponding diagonal element of the aoss-commodity covariance matrix.
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Table 3. EM estimation of the LES. Unrestricted covariance matrix; 3
subperiods; 18 expenditure categories; quarterly data. Summary statistics.

Sarted fromthe MLE' s obtained by maximizing the observed (“ aggegated” ) log-
likdihood aauming De Boer and Harkema’ s covariance matrix with quaterly data.

Initial observed log- Final observed log-
likelihood 5588.39 likelihood 6434.90
Initial expected log- Final expected log-
likelihood 7414.93 likelihood 8189.93
Number of EM iterations 776 Final |8 -8"| 0.0001284
Time to convergence 12.75 minutes Number of observations 95

Table 4. EM estimation of the LES. Unrestricted covariance matrix; 3
subperiods; 18 expenditure categories; quarterly data. Summary statistics.

Sarted from the MLE’ s obtained by assuming complete expenditure information

availablein al subperiods.

Initial observed log- Final observed log-
likelihood 6306.13 likelihood 6438.12
Initial expected log- Final expected log-
likelihood 7921.85 likelihood 8198.16
Number of EM iterations 520 Final |8 -8 9.558 x 10°°
Time to convergence 8.4 minutes Number of observations 95
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