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Local linear multivariate regression
with variable bandwidth in the
presence of heteroscedasticity

Abstract: We present a local linear estimator with variable bandwidth for multivariate non-
parametric regression. We prove its consistency and asymptotic normality in the interior of the
observed data and obtain its rates of convergence. This result is used to obtain practical direct
plug-in bandwidth selectors for heteroscedastic regression in one and two dimensions. We show
that the local linear estimator with variable bandwidth has better goodness-of-fit properties than

the local linear estimator with constant bandwidth, in the presence of heteroscedasticity.

Keywords: heteroscedasticity; kernel smoothing; local linear regression; plug-in bandwidth,

variable bandwidth.
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1 Introduction

We are interested in the problem of heteroscedasticity in nonparametric regression, especially
when applied to economic data. Heteroscedasticity is very common in economics, and het-

eroscedasticity in linear regression is covered in almost every econometrics textbook. Applica-

tions of nonparametric regression in economics are growing, and Yatchew (1994d) argued that it

will become an indispensable tool for every economist because it typically assumes little about
the shape of the regression function. Consequently, we believe that heteroscedasticity in non-
parametric regression is an important problem that has received limited attention to date. We
seek to develop new estimators that have better goodness of fit than the common estimators in
nonparametric econometric models. In particular, we are interested in using heteroscedasticity

to improve nonparametric regression estimation.

There have been a few papers on related topics. Testing for heteroscedasticity in nonparamet-

ric regression has been discussed by [Eubank and Thomad (1993) and [Dette and MunH (1994).

Ruppert and Wand (1994) discussed multivariate locally weighted least squares regression

when the variances of the disturbances are not constant. [Ruppert et all (1997) presented the
local polynomial estimator of the conditional variance function in a heteroscedastic, nonpara-
metric regression model using linear smoothing of squared residuals. Sharp-optimal and adap-

tive estimators for heteroscedastic nonparametric regression using the classical trigonometric

Fourier basis are given by |Efromovich and Pinskei (1994).

Our approach is to exploit the heteroscedasticity by using variable bandwidths in local linear

regression. [Miiller and Stadtmiiller ) discussed variable bandwidth kernel estimators of

regression curves. m E 1995, 11994) discussed the local linear estimator with

variable bandwidth for nonparametric regression models with a single covariate. In this paper,

we extend these papers by presenting a local linear estimator with variable bandwidth for

nonparametric multiple regression models.

We demonstrate that the local linear estimator has optimal conditional mean squared error
when its variable bandwidth is a function of the density of the explanatory variables and condi-

tional variances. Numerical simulation shows that the local linear estimator with this variable
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bandwidth has better goodness of fit than the local linear estimator with constant bandwidth

for the heteroscedastic models.

2 Local linear regression with a variable bandwidth

Suppose we have a univariate response variable Y and a d-dimensional set of covariates X,
and we observe the random vectors (X1,Y7),...,(X,,Y,) which are independent and identically
distributed. It is assumed that each variable in X has been scaled so they have similar measures

of spread.

Our aim is to estimate the regression function m(x) = E(Y | X = x). We can regard the data as
being generated from the model

Y=m(X)+u,

where E(u | X) =0, Var(u | X = &) = 0%(«) and the marginal density of X is denoted by f ().
We assume the second-order derivatives of m(x) are continuous, f () is bounded above 0 and

o2(x) is continuous and bounded.

Let K be a d-variate kernel which is symmetric, nonnegative, compactly supported, fK (u)du =
1 and fuuTK(u) du = py(K)I where u5(K) # 0 and I is the d X d identity matrix. In addition,
all odd-order moments of K vanish, that is, f ull1 ...ufidK (u)du = 0 for all nonnegative integers

ly,...,l3 such that their sum is odd. Let Kj(u) = K(u/h).

Then the local linear estimator of m(x) with variable bandwidth is
N _ TwT 1T
(2, hy, ) = €] (XpWo o X)) X W, Y, (1)

—1/(d+4)

where h,, = cn c is a constant that depends only on K, a(x) is the variable band-

width function, e{ =(1,0,...,0), X, = (Xm,l,...,Xm,n)T, Xz = (1,(X; — x))T and Weo =

diag (Khna(Xl)(Xl — ), Ky a(x ) (X — ac)). We assume a(x) is continuously differentiable.

We now state our main result. A proof is given in the Appendix.
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2°m(x)

Theorem 1 Let x be a fixed point in the interior of {x | f (x) > 0}, H,(x) = (ax ox ) and
%% Jdxd

let s(H,,(x)) be the sum of the elements of H,,(x). Then

1 E[m,(x,hy, @) | Xq,..., X,] —m(x) = 0.5k uy(K)a?(x)s(H,(x)) + op(h%);

2 Var[m,(z,h,, @) | Xq,...,X,] =n'h;R(K)a~"4(x)o?(x)f ~H(x) + op(n_lh;d),

where R(K) = fKZ(u)du; and

3 2@ [ (a, by, @) — m(z)] —o

N (0.5¢%uy(K)a?(@)s(Hp(x)) , ¢ R(K)a"(x)o?(x)f ~'(2)).

When a(x) = 1, results 1 and 2 coincide with Theorem 2.1 of Ruppert and Wand (1994). By

result 2 and the law of large numbers, we find that 1, (x, h,, @) is consistent. From result 3 we

—2/(d+4))

know that the rate of convergence of 1, (x, h,,a) in interior points is O(n which, ac-

cording tolStond (1980, 11987), is the optimal rate of convergence for nonparametric estimation

of a smooth function m(x).

3 Using heteroscedasticity to improve local linear regression

Although [Ean and Gijbeld (1992) and [Ruppert and Wand (1994 discuss the local linear estima-

tor of m(x), nobody has previously developed an improved estimator using the information of

heteroscedasticity. We now show how this can be achieved.

Using Theorem [I] we can give an expression for the conditional mean squared error of the local

linear estimator with variable bandwidth.

MSE=E {[ﬁln(m,hn,a) —m(@)]?| X4,... ,Xn}
R(K)o?(x)
nlh,a(x)]ef (x)

= 3 [ha(@)]* W3 (K)s*(H () + +o,(h3) +0,(n Y.

Minimizing MSE, ignoring the higher order terms, we obtain the optimal variable bandwidth

dR(K)o2(x) )” (d+4)

_ -1
Aope(T) = (M%(K)f(w)sz(ﬂm(w))
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Note that the constant ¢ will cancel out in the bandwidth expression hnaopt(m). Therefore,
without loss of generality, we can set ¢ = {dR(K),uZ_ Z(K)}l/(d+4) which simplifies the above

expression to

B o2(x) 1/(d+4)
%opt(®) =\ TR (H, (@) '

To apply this new estimator, we need to replace f(z), H,,(z) and o(x) with estimators. There
are several potential ways to do this, depending on the dimension d. Some proposals ford =1

and d = 2, are outlined below.

3.1 Univariate regression

When d = 1, we first use the direct plug-in methodology of [Sheather and Joned (1991l) to select

the bandwidth of a kernel density estimate for f(a). Second, we estimate o%(x) = E(u? | X =

x) using local linear regression with the model ﬁiz = 02%(X,) +v; where il; = Y; — m,(X;,h,,1),

v; are iid with zero mean and fln is chosen by the direct plug-in methodology of [Ruppert et al

1999). Third, we estimate r(x) by fitting the quartic m(x) = a; + ayx + azx? + asx3 + asx?,

using ordinary least squares regression and so obtain the estimate m(x) = 203+60,4x+ 12d5x2.

Then, our direct plug-in bandwidth for univariate regression (d = 1) is

) 62(x) 175
h(x)= ( ——— ) .
2ny/7f (x)m?(x)

3.2 Bivariate regression

When d = 2, we use a bivariate kernel density estimator (Scoti, 1992 of f(x), with the di-

rect plug-in methodology of Wand and Joned (1995) for the bandwidth. To estimate 02(1:), we

first calculate @; = Y; — ¥;, where ¥; = m,(X;,h,,1), h, = min(hy,h,), and h; and h, are

chosen by the direct plug-in methodology of Ruppert et all (1997) for Y = m;(X;) + u; and

Y = my(X,) + u, respectively. Then we estimate 02(1:1) using local linear regression with the

model ﬁ,.z = 02(X :)+v;, where v; are iid with zero mean. Again, the direct plug-in methodology

of Ruppert et all 19917) is used for bandwidth selection.
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To estimate the second derivative of m(x1, x,), we fit the model

m(xq,Xy) = a1 + AyXy + agXy + Ayt + asxix, + agxs + a7xi’ + agxixy + agx; X3

3 4 3 2,2 3 4
+apx; +apx] + apx]xy + a3 x7X5 + A X1 X5 + A5 Xy,

using ordinary least squares, and so obtain estimates of a. Hence, estimators for the second

derivatives of m(xy,xy) are obtained using

3%m(x) 2 2
e =2a4+ 6ay;x1 + 2agxy + 12011 X7 + 6Q15X1 X5 + 2a13X5,
X
1

2°m(x) 5 5

L = OL5 + 2a8x1 + 2a9X2 + 30(12)(1 + 4a13.X1X2 + 30(14)(2

0x,0Xy

2°m(x) 5 5
and a—x% =2ag+ 209x7 + 619Xy + 2a13X] + 614X X + 12a15X5.

Then, our direct plug-in bandwidth for bivariate regression (d = 2) is

62(x) 1/6
h(x) = ( — ~ ) .
nrf (z)s?(H,,(x))

4 Numerical studies with univariate regression

This section examines the performance of the proposed variable bandwidth selection method via
several data sets of univariate regression, generated from known functions. For comparison, we

also compare the performance of the constant bandwidth method, based on the direct plug-in

methodology described by [Ruppert et all (19913).

As the true regression function is known in each case, the performances of the bandwidth

methods are measured and compared using the root mean squared error,

n

1/2
RMSE = (n—lz [7,(X;, by, @) — m(Xi)]2> .

i=1

We simulate data from the following five models, each with Y = m(X)+o(X)u where u ~ N(0, 1)

6
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and the covariate X has a Uniform (—2,2) distribution.

Model A:

Model B:

Model C:

Model D:

Model E:

We draw 1000 random samples of size 200 from each model. Table [l presents a summary of
the results and shows that the variable bandwidth method has smaller RMSE than the constant

bandwidth method in each case. For each model, the variable bandwidth method has smaller

mu(x) = x%+x

o3(x)=32x>+0.04

mp(x) = (14 x)sin(1.5x)
o2(x)=3.2x>+0.04

me(x) = x + 2 exp(—2x?)

o2(x) =16(x?— 0.01)I(,250,01) + 0.04
mp(x) = sin(2x) + 2 exp(—2x2)

o3(x) =16(x* — 0.01)](,250,01) + 0.04
mg(x) = exp(—(x +1)?) + 2 exp(—2x2)

o2 (x) =32(x* = 0.01)I(250,) +0.04

RMSE than the constant bandwidth method, and is better for more than 50% of samples.

We plot the true regression functions (the solid line) and four typical estimated curves in Fig-
ure [l These correspond to the 10th, 30th, 70th and 90th percentiles. For each percentile,
the variable bandwidth method (dotted line) is closer to the true regression function than the
constant bandwidth method (dashed line).

models, the local linear estimator with variable bandwidth has better goodness-of-fit than the

local linear estimator with constant bandwidth.

Therefore, we conclude that for heteroscedastic
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5 Numerical studies with bivariate regression

We now examine the performance of the proposed variable bandwidth selection method via
several data sets of bivariate regression, generated from known functions. For comparison, we

also compare the performance of a constant bandwidth method given by

] 52 1/6
h= —
(TC Z?zl Sz(Hm(Xi)))

where

6°=n a2

i
i=1

and u; and H m are the same as for the variable bandwidth selector.

We simulate data from four models, each with Y = m(X;,X5) + o(X;)u where u ~ N(0,1) and

the covariates X; and X, are independent and have a Uniform (—2,2) distribution.

Model F: mA(Xsz) = X1X2

o2(xq,x5) = (x? — 0.04)I(,25.0,04) +0.01
Model G: mg(x1,X;) = x1 exp(—2x3)

o3(x1,x5) = 2.5(x3 — 0.04)](,:2.0,04) + 0.025
Model H: me(x1,x9) = x1 + 2sin(1.5x5)

o2 (xq,x5) = (x? — 0.04)I(,250,04) +0.01

Model I: mp(xy,x5) =sin(x; + x,) + 2 exp(—2x§)

03 (x1,%5) = 3(x{ = 0.04)I( ;250,04 + 0.03

We draw 200 random samples of size 400 from each model.

Table 2l presents a summary of the results and shows that the variable bandwidth method has
smaller RMSE than the constant bandwidth method. For each model, the variable bandwidth
method has lower RMSE than the constant bandwidth method and is better for more than 50%

of samples.
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We plot the true regression functions with one fixed variable (solid line) and four typical esti-
mated curves in Figures DHAl These correspond to the 10th, 30th, 70th and 90th percentiles.
For each percentile, the variable bandwidth method (dotted line) is closer to the true regression
function than the constant bandwidth method (dashed line). Therefore, we conclude that for
heteroscedastic models, the local linear estimator with variable bandwidth has better goodness-

of-fit than the local linear estimator with constant bandwidth.

6 Summary

We have presented a local linear nonparametric estimator with variable bandwidth for multi-
variate regression models. We have shown that the estimator is consistent and asymptotically

normal in the interior of the sample space. We have also shown that its convergence rate is

optimal for nonparametric regression (Stond, 1980, [1987).

By minimizing the conditional mean squared error of the estimator, we have derived the optimal
variable bandwidth as a function of the density of the explanatory variables and the conditional
variance. We have also provided a plug-in algorithm for computing the estimator whend =1 or
d = 2. Numerical simulation shows that our local linear estimator with variable bandwidth has
better goodness-of-fit than the local linear estimator with constant bandwidth for heteroscedas-

tic models.
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Appendix: Proof of Theorem 1]

Before we state a lemma that will be used in the proof, note that

n_ngww,aXm =

1 Z?:l Khna(Xi)(Xi —x) Z?:l Khna(Xi)(Xi - w)(Xi - CC)T
2?21 Khna(Xl-)(Xi —z)(X; —x) Z?=1 Khna(Xl-)(Xi —z)(X; —z)(X; — m)T

[ m@) | [ m) |

and e (XgW, ,X,) ' XIW, X, =e,
D () D ()

= m(x),

T
where D, (x) = [agl—im), e, a;n_)gdm)] . Therefore,
1

(@, hy, @) = m(z) = e] (XaWa o X)) ' Xa W, 0 [0.5Q,,(z) + U],

where Qu() = [Qui(@), .., Qua@)]", Qui(®) = (X; — 2)" Hy(z(z, X))(X; — ),

2
H, (x)= 2 m(z) , lzi(x, X)) —=z|| < || X;—=||and U = (uy,...,u,)". We can deduce that
Xi9%j ) gxd

{z;(x, X;)}_, are independent because {X;}]_ are independent.

Now we state a lemma using the notation of () and Theorem [l

Lemma 1 Let

G(a, f,2) = f (@) uD (@)un’ Dy(w)du+py(K) [ df () Dy(@) + o (@) D),
supp(k)

B(z,a) = —py(K) 7' f (2)*a(®)G(a, f,2)"

and 1 be a generic matrix having each entry equal to 1, the dimensions of which will be clear

from the context. Then

N Ky ax)(Xi — ) = £ () +0,(1) @)
i=1
N Ky o) (X — 2)(X; — @) = h2a®(@)G(a, f, @) + 0, (h21) 3)

i=1

12
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n

1 Ky a0 (Xi = 2)(X; — 2)(X; — @) = pp(K)R2a2(@)f (@)1 + 0, (H21) )
i=1
(X;Wm’an)_l _ flx)! +0,(1) B(z,a)+0,(1) )

B (z,a)+0,(1) pp(K) "'y 2a™?(@)f (2) 71 +0,(hy%1)

2 H,
N X W, oQu(x) =h, S @ (a (@) UH () +0,(h21) (6)

0

and (nhg)l/z(n_lngm,au) d N(o, R(K)a—d(m)UZ(w)f(m)) o
0

We only prove results 3D, and (@) as the other results can be proved similarly.

Proof of (3)

It is easy to show that

n”! ZKhna(Xi)(Xi —z)(X;—x)=E I:Khna(Xl)(Xl —xz)(X; — CIJ)] +0,(Vn 1), (8)
i=1

T
where W = (Var(Ky, o(x,)(X1 — 2)X1; — x1)), ..., Var(Ky, o x,)( X1 — 2)(Xq1 — X4))) -
Because x is a fixed point in the interior of supp(f) = {x | f (x) # 0}, we have

supp(K) C {z : (¢ + h,a(x)z) € supp(f)},

provided the bandwidth h,, is small enough.

Due to the continuity of f, K and a, we have

E I:Khna(xl)(Xl —z)(X; — :1:)}

= f hpda” (@)K (h, " (a(X 1)) (X — 2))( X1 —2)f (X1)d X,
supp(f)

13
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= f (a(z +h, @)K (Q(a(z + h, @) )f (2 + h,@h,QdQ
Q

= h2a(@)’G(a, f,z) +o(h31), 9)

where Q, ={Q : ¢ +h,Q € supp(f)}.

It is easy to see

Var [ Ky a(x,) (X1 — @)(X1 — @)
= E{ [Knaex) (X1 = 2)(X; = 2)] [Kpacxe) (X1 = 2)(X; —2)] ' }

~{E [Knyaex))(X1 = 2)(X1 = ) HE [Kpaxp (K1 - )X - 2)]} . (10)

Again by the continuity of f, K and a, we have

E{ Ky a0 (X1 = 2)(X; = 2)] [Knae) (X1 = 2)(X; - )] }
= E[Kpaoe) (X1 —2)A(X; —2)(X; —2)' ]

= f [ (a(@) K (b (X)X — )] (X — 2)(X, - @) F(X))dX,
supp(f)
= Ryt f (a(z +h, Q) K(Q(a(z + 1, Q) f (z +h,Q)QQ"dQ
Q,

= k42 f (@) K(Q(a(x)) )2 f (2)QQTdQ + O(h,; T%1) = O(h, T™21). (11)
Qn

Therefore we have
0,(Vn=1®) =o0,(h31). (12)

Then (@) follows from (@)-(12).

Proof of (@)

It is straightforward to show that

N X Wa o Qm(e)

14
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U Ky ax ) (X — 2)(X; — ) Hy(zi1(z, X)X, — )
n_l Z?:l Khna(Xi)(Xi - (E)(Xl - (E)THm(Zi((E, Xl))(Xl - (E)(Xl - (E)

B

n! ZKhna(Xi)(Xi —x)(X; — o) Hp,(z(z, X))(X; — x)

i=1

= hiaf (@)ua(K)(a(@))*s(H (@) + 0, (h31),

and 'Y Ky o0x)(X; — 2)(X; — )" Hyp(2i(2, X))(X; — 2)(X; — 2) = 0,(h31).
i=1

Therefore (@) holds.

Proof of (@)
It is obvious that

E [n_ngwm’au] =E [n_lX:sz’au |z] =0,

nt Y K aox) (X — )y

and n_1X£Wm,au =
— n
Y Ky ox) (X — 2)(X; — o)y

By the continuity of f, K, 02 and a, we have

[

Var |_n_1 ZKhna(Xi)(Xi — :c)ui] =n"lvar [Kh,,a(Xl)(Xl — m)ulJ
i=1
=n"! f [ (@)K (hy (@l X)) (X — 2)]” 02(X)f (X1)d X,
supp(f)

=n""h;? f ((a(z + M, Q) K(Q(alz + h,Q) )02 (z + h,Q)f (x + h,Q)dQ
Qn

=n""h,? f ((a(@) K(Q(a(z)) ™)) ?o(@)f (2)dQ + o(n~'h;?)
Q,

=n"h; R(K)(a(x) 4o (x)f (®) + o(n hy9),

i=1

and Var [“_1 ) K, a(x)(Xi = 2)(Xi — w)ui] =o(n"'h; 4*21).
L |

Then (@) holds.

15
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Proof of Theorem[1

By and @), we have

E [Tﬁn(w, hn) a) | Xla cees Xn] - m(:z:) = O~56{(X£Ww,aXm)_ngww,an(w)

— 0.5, (K)(a(@))25 (L () + 0, (2).

Therefore Theorem [1(1) holds.

Let V = diag {O'Z(Xl), e, az(Xn)}. Then

Var [1it, (@, hn, @) | X1, ..., Xn] = €] (Xg Wa o Xo) ' Xg W o VWo o Xo(X o Wa o Xo) e,

(13)
and
a11(2,hy, @) (@9, Ry, )T
n_lX;;'Wm,aVWm’aXm — 11 n 21 n i
aZl(w) hn) a) aZZ(w1 hn) a)
n
where  ayy(@,hy, @) =171 Y (K, acx) (X — 2))P20% (X))
i=1
n
ay (a0, hy, @) =Y (K o) (X — 2))2(X; — )0X(X,)
i=1
n
and  agy(@,hy, @) =) (K, aox)(X; — 2)2(X; — 2)(X; — ) 02(X)).
i=1
It is easy to prove that
n
Y (K aox (X — 2))%0%(X,) = by RE) (@) o (@)f (x)o,(hy?),
i=1
n
N (K axn (X — 2)XX; - 2) 0X(X) = 0, (R4 711)
i=1
n
and 1Y (K aox (X — 2)A(X; — 2)(X; — 1) 0X(X;) = 0,(h; 4 +21). (14)
i=1

By (I3)-(T4) and (), we have

Var [, (z, by, @) | X1, ..., X,] =07y ‘R(K)(a(@) Yo (@)f (2) 7 + o0, (n 'hy ).
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Therefore Theorem [1(2) holds.

By and (@) and the central limit theorem, we have

2D X TW,  [0.5Qu(w) +u] 5

N(0.5¢%ua(K)(a(®))*f (@)s(Hip(2)), ¢ IR(K)(a(2)) (@) f (2))
0

Applying [Whitd (1984, Proposition 2.26) and (&), we can easily deduce Theorem [I3).
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Tables

Table 1: The percentage of 1000 samples in which the variable bandwidth method is better
than the constant bandwidth method, and the RMSE of the two methods.

Model Percentage Root mean squared error
better Constant bandwidth Variable bandwidth
Model A 75.0 1.3581 1.1150
Model B 63.6 0.4991 0.4347
Model C 75.7 0.9739 0.7995
Model D 68.5 0.9737 0.8524
Model E 80.0 1.3641 1.1009

Table 2: The percentage of 200 samples in which the variable bandwidth method is better than
the constant bandwidth method, and the RMSE of the two methods.

Model Percentage Root mean squared error
better Constant bandwidth Variable bandwidth
Model F 54.6 0.0411 0.0397
Model G 54.0 0.0843 0.0816
Model H 53.0 0.0935 0.0814
Model I 52.0 0.0999 0.0907
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Figures

Figure 1: Results for the simulated univariate regression data of models A-E. The true regres-
sion functions (the solid line) and four typical estimated curves are presented. These corre-
spond to the 10th, the 30th, the 70th, the 90th percentile. The dashed line is for the constant
bandwidth method and the dotted line is for the variable bandwidth method.
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Figure 2: Results for the simulated bivariate data of model F. The true regression functions
(the solid line) and four typical estimated curves are presented. These correspond to the 10th,
the 30th, the 70th, the 90th percentile. The dashed line is for the constant bandwidth method
and the dotted line is for the variable bandwidth method.
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Figure 3: Results for the simulated bivariate data of model G. The true regression functions
(the solid line) and four typical estimated curves are presented. These correspond to the 10th,
the 30th, the 70th, the 90th percentile. The dashed line is for the constant bandwidth method
and the dotted line is for the variable bandwidth method.
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Figure 4: Results for the simulated bivariate data of model H. The true regression functions
(the solid line) and four typical estimated curves are presented. These correspond to the 10th,
the 30th, the 70th, the 90th percentile. The dashed line is for the constant bandwidth method
and the dotted line is for the variable bandwidth method.
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Figure 5: Results for the simulated bivariate data of model I. The true regression functions
(the solid line) and four typical estimated curves are presented. These correspond to the 10th,
the 30th, the 70th, the 90th percentile. The dashed line is for the constant bandwidth method
and the dotted line is for the variable bandwidth method.
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